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Abstract. Resonant interactions between relativistic chargedHorne et al, 2005ab; Bortnik and Thorng 2007 Furuya
particles and oblique whistler mode waves are explored inet al, 2008 Varotsou et al.2008 Albert et al, 2009. While

this work, and it is shown that nonlinear phase trapping couldmost of the previous research on wave particle interactions
happen in a gyrophase averaged sense, consistent with previ the outer radiation belt is based on the quasilinear theory,
ous studies of interactions between nonrelativistic electronsonlinear interactions between electrons and whistler mode
and oblique whistler mode waves. A dimensionless paramwaves are considered to be important in two aspects.

eter y is derived to represent the ratio of wave-induced mo- First, recent observations of large amplitude whistler mode
tion to the adiabatic motion of the particle. We show that chorus wavesattell et al, 2008 Cully et al, 2008 bring
phase trapping is likely to occur when the wave-induced mo-question to the validity of using quasilinear theory to de-
tion dominates the adiabatic motion, which is caused mainlyscribe effects of chorus waves on electron dynamics. Quasi-
by the background fields. A mapping of probable regionslinear theory was developed to describe interactions between
of nonlinear interactions is shown based on the parametecharged particles and small amplitude broad band waves
x. We show that the nonlinear interactions might be impor- (Kennel and Engelmani966. Even though a small ampli-
tant near the equatorial plane for even moderate wave amplitude monochromatic wave could be shown to give the same
tude, and the latitudinal range for nonlinear interactions todiffusion coefficients as a narrow-band limit of quasilinear
occur is largest for electrons with local pitch angles aroundtheory when nonlinear effects such as phase trapping and
50 degrees, consistent with previous findings. The results arbunching are not importanA{bert, 2010, increased am-
important for understanding the nonlinear dynamics of rela-plitude of waves can introduce strong nonlinear effects and
tivistic radiation belt electrons and the generation of chorusbring the use of quasilinear theory into questi@oitnik
waves. et al, 2008.

Second, chorus waves are ELF/VLF whistler mode waves
consisting of rising or falling tones seen at a fixed location
(Santolk et al, 2003 Inan et al, 2004 Breneman et al.
2009 Chum et al.2009. The generation mechanism of cho-
rus waves has been an outstanding question for some time
(Omura et al. 1997). Several mechanisms involving non-
linear interactions between electrons and waves have been
proposed to explain the formation of rising and falling tones
(Helliwell, 1967 Nunn et al, 1997 Omura et al. 2008
2009. Omura et al.(2008 derived a simple equation for
culating chorus wave frequency sweep rates based on the
omogeneity ratio for nonlinear interactions between rel-
ativistic electrons and a parallel propagating wave. Other
proposed mechanisms for chorus wave generation include
the backward wave oscillator modélrékhtengerts1995
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1 Introduction

The Earth’s outer radiation belt contains relativistic elec-
trons and is very dynamic during disturbed times; electron
fluxes could vary by several orders of magnitutRe¢ves

et al, 2003 Friedel et al. 2002, making the radiation belt
hazardous to spacecraft and astronaBikér et al. 1994
1997. Interactions between electrons and whistler mode
waves have been established as one of the main mechanisrﬁ%:
for controlling the dynamics of Earth’s radiation belts from in
both observation and simulatiorldrne and Thorne1998
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The criterion for nonlinear interactions between parallel p /5 _ Dsiny (P —n?sirf y) (®)

propagating whistler mode waves and nonrelativistic elec- 27y Pcosy (S—nz) '

trons has been derived Bysthe(1971) and relativistic elec- c(P —nzsinzlp)

trons by Omura et al.(200§ from the Lorentz equations Ey/By = ————, (6)

of motion. The inhomogeneity parameter for nonrelativistic nPcosy

electrons and oblique whistler mode waves has been derive Dc(P —nzSiﬂzl/f) 7

by Bell (1984. Bell (1984 shows that while phase trapping y/By = nPcosy (n2—S) 7

could not exist in the ordinary sense as is the case of parallel ensing

propagating waves, it does exist in a gyro-averaged sense. &z/By = — P (8

similar criterion has also been derived using Hamiltonian dy-

namics Albert, 1993. In this article, we generalize the the- Which can be derived from Maxwell equatioks< Ew =
ory of Bell (1984 to the relativistic case to explore nonlinear @Bw andn x (n x Ew) +K- Ey, =0 with n = ck/w the re-
interactions between relativistic radiation belt electrons andfractive index, anK the dielectric tensorgtix, 1962 p. 10).

oblique whistler mode waves.

Here P, S, and D are the usual Stix parameters, defined in

We start from the relativistic Lorentz equations of mo- Stix (1962 p. 10), anct is the speed of light in vacuum.

tion and perform a linear analysis to write the equations

in (p1,py.¢) coordinates in Seck. Herep, andp, are

the momentum components perpendicular and parallel to the

ambient magnetic field, respectively, an the phase angle

betweenp | and the right hand component of the perpendic-

ular wave magnetic field. A dimensionless parametés
derived as a criterion for nonlinear interactions in SactVe
then produce a map ¢f as a function of latitude and wave
normal angle for a simplified case in Se¢tand summarize
our results in Secb.

2 Equations of motion in (p, py, ¢) coordinates

We choose a Cartesian coordinate system widtxis along
the background field direction. The background fiel®is=
Boze;+ Boy , With Bg; the dipole field strength at which is

the length along its field line from the equatorial plane. We

choose

0B
Bo, =—x 0
0z

(1)
so thatV- Bo=0. Note thatBg, /Bo;~ €0= p.1 /R, With p

€x,

the particle’s gyroradius ank the planet radius. The above
choice of the background field is equivalent to ignoring the

curvature of the Earth’s dipole field.

2.1 Equations of whistler wave fields

It is convenient to define the R- and L-components of the
perpendicular wave magnetic field according to

w w
+ B
Br=—"—" (excosd —eysin®), (9)
BY — BW
Bl = ——— (excos® +eysind), (10)

2

SO thatB‘iv = Br+ B. The relationship betweeBRr, B,
and p, is shown in Fig.1l. Similarly we define the R- and
L-components of the perpendicular electric field as

EY+EY ,
Er= T(—exsm@—eycos@), (11)
EW _ EW
e 5 Y (—exsin® +eycosd), (12)
andEY = ER+EL.
2.2 The Lorentz equation of motion
The relativistic Lorentz equation of motion is
. p
P—Q|:Ew+—X(Bw+BO):|, (13)
ym

Heregq is the charge of the particley its mass, and =
1+ p2/m2c? the relativistic factor. Note that the sign of
the charge is contained ipn, so for an electroy = —1.6 x

We now consider the interaction between a charged parti10-1°C in Sl units.
cle and a whistler mode wave. The whistler mode wave We now write the Lorentz equation using coordinates

magnetic and electric fields with wave normal veckoe
k(sinyr,0,cosyr) are given by

By, = exB)' cosd — eyBysind> +e;B) cosd,
Ew = —exE)'sind — eyE;',VCOSCD —ezEY'sind,

2)
3
where® = [k-dr — [wdt is the wave phase anglg, is the
wave normal angle, ang is the unit vector of the-th axis.
Here the wave fields satisfy
D (P —n?sirfy)

BBy == (52

: (4)
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(p1.py.¢). Usingd Etal’rl(py/px), the angle betweep |
andey (as shown in Figl), we have the angle betwegn
andB' as¢ =60+ ®. To the lowest order is = |By|/Bo,
which is about 10° ~ 10~23 for typical chorus waves ob-
served in spaceBell, 1984 Tsurutani et a.2009, we have

. 1 d(py)
b=——— (D) =—q, (14)
1+(Py/Px)2dt Px

whereQ = g Boz/ym. Note that we have dropped tii&(¢)
term in the above equation, because its gyro-averaged value

www.nonlin-processes-geophys.net/17/599/2010/
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is O(€?) (Bell, 1984, thus the term will not contribute to the
analysis in Sect3, where only terms up td@(¢) are kept.
Thus

g":9'+<b:—9+k”v”+kxvx— (15)
The equation describing is
. p
PIZCI|:Ew+—X(Bw+BO):|‘ez (16)
ym

By using the vector relations betwegn andBr andB|_ as
shown in Fig.1 and keeping only first order terms éand

€o, it can be shown that
P =—qEYsin®—wrp SINC —w p1 SiN(C —2®)+A1,(17)

wherewr | =¢Bg | /ym and

A= (& X BOL) -ez
ym

The equation ofp; =g[Ew+ (p/ym) x (Bw+ Bo)] - e,
wheree; = p, /p.1, could be shown similarly to be

(18)

pL=(pj—«Rr)wrSINg +(pj +xL)wLSINE —2P)+ A2, (19)

where

EY EW+EW
KR = )/mE =ym W (20)
" W w
R=ymiL —ym s '} (21)
B BY — BW’
and
Agzyim(px Bo)-e.. (22)

3 Conditions for nonlinear interactions

As shown byBell (1984 for the nonrelativistic case, phase

trapping could happen in a gyro-averaged sense for obliquely— =
propagating waves. To find the condition under which phase

trapping could occur, we apply/dr to Eg. (L5) giving

(kjvy),

wherei = [kxdx = [kxv. /(—S)]SING = kyp, SiNG = Bsind
to the lowest order ia. We have assumed thigtp, does not

[=—Q— a)—i—)»—l-:: (23)

vary significantly during one gyroperiod. Expanding the last
term on the right hand side of the above equation, we have

{=—Q—o+ itk +kvy. (24)

For interactions near thi-order resonance so th&2 +
kjvy —w =0 is satisfied, we defing=¢ — A — (lp+1)0 so
thatn =1pQ2+kjv) —w and

ii = loS2+ Ky vy + Ky o) — (25)
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P1

Fig. 1. An illustration of the relative positions of wave fielddr
andB|_ and particle’s perpendicular momentym .

Here the time derivative &2 andv; could be found simply
from their definitions as

: Iy
Q> v||——QZ (26)
0z 14
. p 14
b =Lyl (27)
ym y

The time rate of change of in Egs. £6) and @7) could be
found from the dot product gb and Eq. £3), which gives

dp?

—~ =29E , 28
dr qLw-p (28)
and this leads to

dy?2  dp? .

dr dr m2c2 m2c?

by the use of/2 = 1+ p2/m?c?. Consequently,

dy
dr

_4qEwp_ ¢
y m2c2 — ym2c2?
[—pEy sind—ER

Rp1Sing+E/pysin(t—29)].

(30)

Substituting Eqs.26) and @7) into Eq. 5) and using 80)
gives us

fi=h(r,t)+ C1Sin® + Casin¢ + C3Sin(¢ — 29), (31)

where

C1 = (loS2+kjvy) — L pEY - ﬂqE (32)
v2m2c2"'T  ym

Nonlin. Processes Geophys., 50452010
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Cy = (lo§2+k\|v\|)%mE‘§v—ﬂple, (33) normal angle%) for an electron resonant .with a constant
yemec ym frequency whistler mode wave dt =5 with frequency
q w_ Ky w =0.1Qce0, WhereQcepis the electron gyrofrequency on the
C3=—(loQR+kjv) —=—5pLE'——piroL, 34 ce ce ,
3 (o o) y2m2c2 PLEC ympL - (34) equatorial plane. A constant frequency whistler wave could

come from VLF ground transmitters. For a discrete chorus

and
element with rising or falling tonesSantolk et al, 2004,
h(r,t) =lov\|@ + vy _C;H_Alﬂ_ (35) the tilme rate change @b should be coqsidgrgd in the cal-
0z m culation (e.g.Omura et al.2008. For simplicity, we also
Making use of the Bessel function identity assume a constant densify & 10.0 cm®) along the mag-
- netic field line. Note that the second term in E4Q)(is pro-
dpsing _ Z 7(B)&". (36) portional toky. This term is of the order 0§$2/dz for a
1= parallel propagating wave with constant frequency, assum-

] ) ] ) ing constant electron density along the background magnetic
whereJ;(8) is thel-th order Bessel function of the firstkind - field. However, so far there is no analytical model for calcu-

with arguments, we have lating generak; for oblique waves along a field line. A full
il =h(r,t) +C12J1(,3)sin[n+(l+lo)9] treatment of the problem could be conducted in combination
' 7 of ray-tracing programs to calculate variationigfalong a

magnetic field line. In this work, we ignore thi@ term for
illustration purposes. Nonetheless, the main feature of the
) nonlinear interaction regions are retained, as shown below.
_C3ZJ1(/3)S'”[’7+(Z+ZO_1)9]- (37) Figure 2 shows the parametey for the main counter-
! streaming gyroresonandg = —1, for different local pitch
Averaging over the rapidly oscillating gyrophase argle angles and wave amplitudes. Theis estimated by calcu-
and using that) >~ (n) throughO(¢) near thdp-th order res-  lating the absolute value of the ratio aaf (Eq.39) to h(z,1)
onance, we have (Eg. 40), where the factof<2/dz is estimated using Earth’s
dipole magnetic field. We choose the electron’s parallel and

+C2) " Di(B)sin[n+ (I +1o+1)6]
1

g +wt28|nn =h(z,0), (38) perpendicular velocities so that the first order resonance con-
where dition 5 = —Q + kv —w =0 is always satisfied for each
) pitch angle, latitude, and wave normal angle. Regions where
wf = —[(C1)J-1y+(C2)J—tg-1—(C3) J g +1] (39)  phase trapping could happep £ 1) are indicated by red
with the argument of Bessel functioisand color. From Fig.2, several features of phase trapping re-
) gions can be seen. First, it is easier for nonlinear interactions
02 . .k pp 0 to occur near the equatorial region, where the inhomogene-
h(z’t)5<h(r’t)>:lov“3_Z+k“v“_w_ﬁ (ym)2 9z (40) ity factor h(z,¢) is small. Second, as the wave amplitude

increases, the latitude range where phase trapping could hap-
pen becomes larger for a givenandy. At E =1MeV, the
nonlinear effect is important and should be considered for
a =50 and 70 when B)‘j" =1nT. Third, the latitude range

for phase trapping is larger at=50° than at 10 and 70

for a givena and v, thus it might be easier for nonlinear
interactions to occur for electrons with medium pitch angles.
This resultis consistent witlnan et al (1978 that deals with

might be phase trapped so thesscillates around some equi- nonlinear interactions between nonrelativistic electrons and a
9 P pp d parallel propagating wavénan et al(1978 showed that, for

librium value and the electron stays resonant with the wave ; . :
the case they consideregd,is roughly proportional to tam

causing large changes of its energy and pitch angle. Prewouvsvhena is small and(tanw)~ whena is large, with a lo-
theory also suggests that chorus waves are generated becaus

; €& maximum at ~ 75° for the parameters the used, if all
of phase trapping of resonant electro@sr(ura et al.2008. other parameters are kept congtant (see Eq. gmﬁ(et al

1978). Fourth, the particular shape of nonlinear resonance
4 Applications to interactions between electrons and regions wherx = 70° contains periodic “nulls” i/, and is
whistler mode waves related to a phenomenon called “anomalous phase trapping”
by Bell (1984. This anomalous phase trapping is caused by
To estimate the importance of nonlinear interactions and tahe change of sign 01‘),2 as explained iBell (1984). These
illustrate the use of the dimensionless paramgtarve con-  features are consistent with previous results.
sider nonlinear interaction regions (in latitudeand wave

Here (C1),(C2), and (C3) have the same expressions as
Egs. B2—(34), but with all variables understood to be gyro-
averaged.

Equation 88) has the form of a driven pendulum equa-
tion. We define a dimensionless parametes |a),2|/|h(z, D
to represent the ratio of the wave-induced motief)(and
the adiabatic motioni(z,7)). Wheny < 1, no phase trap-
ping is expected. On the other handyif- 1, an electron

Nonlin. Processes Geophys., 17, 5804 2010 www.nonlin-processes-geophys.net/17/599/2010/
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Fig. 2. The nonlinear parameter plotted as a function of latitude and wave normal angle for a whistler waveawiti®. 1Q ¢ at selected
pitch angles, with effects of time rate changekpfignored. HereQcepis the electron angular gyrofrequency at the equatorial plane. The
first three rows correspond to different wave amplitudg%: = 0.01 nT (first row), 0.1 nT (second row), and 1.0 nT (third row). Different
columns correspond to different local pitch angles= 10.0° (left), 50.0° (middle), and 70.9 (right). All black lines show the location of
Eres=1MeV. The fourth row shows the electron resonant energy in MeV.

5 Discussion and conclusions research from the point of view of both theory and observa-

tion. Furthermore, phase trapping is generally considered to
In this work, we derived the equations that describe nonlin-pe important in the generation of chorus waves. Thus un-
ear interactions between relativistic electrons and obliquelyderstanding the nonlinear interactions is an important step to

propagating whistler mode waves from the Lorentz equationpetter understand the dynamics of radiation belts.
of motion. Previous work has been done on nonlinear inter-

actions between nonrelativistic electrons and obliqgue waves
or relativistic electrons and parallel propagating waves, butacknowledgementsThis research was supported at UCLA by NSF
not both. Thus this work generalizes previous resultBeif grant 0903802, which was awarded through the NSF/DOE Plasma
(1984 andOmura et al(2008 and is applicable to interac- Partnership program.
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