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Abstract. We present a novel approach to explain the chosen. If this site is occupied, the entire cluster of occu-
complex scaling behavior of the Drossel-Schwabl forest-firepied sites connected to it by nearest-neighbor relations burns
model in two dimensions. Clusters of trees are characterizedown.

by their size and perimeter only, whereas spatial correlations After a transient phase, the system reaches a quasi-steady
are neglected. Coalescence of clusters is restricted to clustate that seems to be characterized by power-law event-
ters of similar sizes. Our approach derives the value of thesize distributions in the limit of large growth ratés The
scaling exponent of the event size distribution directly from statistical distribution related to the event sizémeasured

the scaling of the accessible perimeter of percolation clustersn terms of the number of burnt trees) decreases Jdike

We obtainr =1.19 in the limit of infinite growth rate, in per- wherer is typically denoted scaling exponent. Figgives

fect agreement with numerical results. Furthermore, our apthe frequency density(s) of the fires (i.e., the number
proach predicts the unusual transition from a power law to arof fires per spark) for different growth ratés These re-
exponential decay even quantitatively, while the exponentialsults suggest that the scaling exponemonverges towards
decay at large event sizes itself is reproduced only qualita1.19 for 6 — oo, in perfect agreement with the presum-
tively. ably most reliable earlier results &rassberge2002 and
Pruessner and Jensg02).

Although its applicability to real wildfires has been shown
(Malamud et al.1998 Zinck and Grimm 2008 Krenn and
Hergarten 2009 and much effort has been spent to quan-
The Drossel-Schwabl forest-fire model (DS-FFM in the fol- tity the behavior of the DS'FFM numericallipner et al.
lowing) (Drossel and Schwapl992) is one of the three most 1992 Grassberger1993 Christensen et 311993 Henley,
widespread models in the context of self-organized critical-+293 Clar etal, 1994 Honecker and Peschdl997, Pastor-
ity (SOC) (Bak et al, 1987 Bak 1996 Jensen1999. Al- Satorras and Vespigna@i00Q GrassbergeQQOZ I_Druessner
though it is nearly 20 yr old, many questions concerning itsa‘,nd JenserQOO% Schenk gt a).2002), t_here IS St',” no con-
characteristics remain to be answered. Analytical theorie$'Stent explanation for major parts of its dynamics. This ap-

are still lacking; almost the entire knowledge about the I:)S_plies in particular to the transition from the power-law regime
FEM stems from numerical simulations to an exponential decay which is more complicated than in

The DS-FEM is a stochastic cellular automaton model°ther models of SOC such as the Bak-Tang-Wiesenfeld sand-

mostly considered on a two-dimensional square lattice withp"e model Bak et al, 198.7) or the OIami-Fedgr—Christen§en
y d earthquake modelQlami et al, 1992. As illustrated in

L x L sites and periodic boundary conditions. Each site can_; ! L T .
* P y nF|g. 1, the event-size distribution first increases relatively to

be either empty or occupied by a tree. In each time gtep, I 4 then d v, Thi b
attempts are made to plant new trees on randomly selecteﬁ‘e power faw and Ihen decays rapicly. 1his uhusual bump
n the distribution even makes it difficult to determine the

sites. Empty sites turn into the state occupied, while alread)} i nt of th | ; icall
occupied sites keep their state. Then, one site is randoml)§Calng exponent ot the power-law regime numericatly.
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107 ' , , The probability that a given cluster of sizés burnt down
9=10° — by an ignition event is simply;, so each ignition event
100 | 6=30,000 | changes the number of clusters of siZsy
D 6=1000 ——
2 s
Z%’ 1051 ] SNp(s) = —N ()~ =—u(s) 1)
3
g 107 | ] with u(s) = X9 in the mean. Obviously(s) is the mean
) number of fires of size per ignition event, i.e., the frequency
= 100} 1 density of the event-size distribution.
After each ignition event] attempts are made to plant new
0™ : s s y trees. An existing cluster of sizegrows if a new tree is
10° 10? 10* 10° 10°

planted on its total perimetes, (s). Since clusters are not
dense in general, the total perimeter consists of both external
and internal empty nearest-neighbor sites. As Zigemon-
strates, the total perimetgf(s) is almost proportional to the

event size s

Fig. 1. Frequency density of the fires in the DS-FFM for different
growth rate®. The dashed line corresponds to a power law with an

exponentr = 1.19. clust.er siz_e for large clusters. Our npme_rig:al data suggest the
relationshipp; (s) = 0.7s%-98, but for simplicity we assume
10’ ' v v , , ——7 pi($)=fs (2)
.| 8=16384 ——
10" 6=4096 with f =0.7 in the following. The same relationship was

0=1024 —— P(s) . . . X
originally derived for site percolation clusters at and above

10°F 0.7 : :
/ the percolation threshold tgunz and Souillarq1978, and

10" ¢ our results show that it is valid for clusters in the DS-FFM,
too. Planting new trees IetQN(s)P’T(S) clusters grow from

perimeter p(s)

10°
, sizes to s +1. Therefore, the number of clusters of size
10 changes by
10" -1
N SN, (s) = eN(s—l)%—eN(s)p’f)
10° Lt : : : : :
10° 10* 10° 10 10° 10° 10° 107 = —0f (u(s) —u(s —1)). (3)

cluster size s

At this point one may argue that several trees may grow at

Fig. 2. Total and accessible perimeter of the clusters in the DS-FFMthe perimeter of a single cluster in case of high growth rates

measured at different growth rates or large clusters. According to EB)( k clusters would in-
crease their size by one instead of one clustek byHow-
ever, both modes of growth act almost in the same way on
the size distribution, which will become obvious when we
switch from the discrete representation to a differential equa-
tion (Eq.11).

2 A simple approach to derive the scaling exponent Coalescence of clusters takes place if a tree grows at a site
which belongs to the perimeter of two or more clusters. In

Wi deri i-oh logical h analogy to the widespread approach using Smoluchowski's
e now derive a semi-phenomenological approach to ex'coagulation equation with a suitable kernel, we neglect coa-

plain this behavior where clusters are characterized only b3fescence events involving more than two clusters. In contrast
their size without regard to spatial correlations between <:Ius-to growth, not all sites of a cluster’s total perimeter are avail-
ters. Ir_1 Its spirt, this idea is similar to the hierarchical clus- oo for coalescence. Sites belonging to the internal part of
tgrlng_ !deg ofGabrielov e.t a|(1999.. Under some extr.eme the perimeter can only contribute to coalescence with clusters
.s,lmlpllf_lqatmns, they obtained a scaling exponest1 which located like islands in a hole of the original cluster. Thus,
is significantly lower than that of the DS'FFM' . coalescence via internal perimeter sites is in principle only
Let N(s) be t2he r_1um_ber of clusters of siz&n a Igttlce of possible between clusters of strongly different sizes. As dis-
total sizeA = L<. Like in the DS-FFM, the dynamics of our cussed later, this mechanism is not very efficient.
model is governed by formation of new clusters, growth of —\ye yherefore assume that coalescence does not depend on
existing clusters_, coalescence of clusters, and annihilation O{he total perimeter of clusters, but on the so-called accessible
clusters by burning. perimeterp,(s). It consists of those perimeter sites which
can be reached, in principle, by a random walker coming
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from infinity (Grossman and Aharon$986. The accessible Thus, the number of clusters in the inter\[él«/ﬁs,«/is]
perimeter was recently used in a modified forest-fire modelchanges by
to mimic ignition by human impactkrenn and Hergarten
2009. Numerical results on the total and the accessible 2 5\ 2
. - o . 1 1( /1s /s Pa(3)
perimeter are shown in Fig. Due to the significantly higher 588Nc(s) =0 ——N(—)
. . . 2 2 22 \2 A
numerical effort for evaluating perimeters, growth rates are
smaller than those used to examine the event-size distribu- 1 1 2 2
Pa(s)
- 29é SSN(s) , (6)

tions. For geometric reasons, total and accessible perimeters "
must be the same for all clusters withe 6, while a signifi-
cant deviatiorp, (s) < p;(s) becomes visible far > 20. Fig-

ure2 reveals that the accessible perimeter scales like where the factor 2 in the second line states that two clusters

vanish in a single coalescence event. This can be rewritten in
the form

pa(s) = gsh (4) p
. . . . SNc(s) = — <
with ¢ =3 andh = 0.69 for intermediate cluster sizes. As V252

discussed byKrenn and Hergarte(2009, this behavior is
almost identical to that obtained for site percolation clustersStrictly speaking, this approach neglects the contribution of
by combining numerical results on the fractal dimension ofthe connecting tree itself on the size of the resulting cluster.
the accessible perimeté®(ossman and Aharong986 with But in return, we did not subtract the overlap of accessible
theoretical arguments. Thedependent deviation from the Perimeters when computing growth (), so that this (any-
power law at large cluster sizes will be discussed in the nexhow small) effect is compensated.
section. As soon as the system has reached its quasi-steady state,

The probability that a given pair of clusters of sizgs  coalescence, growth, formation of new clusters, and burning
and s, coalesce when a new tree is planted amounts tonust be in equilibrium:
pabs1) pa&2) | principle, clusters of any sizes can coalesce,
but the process is most efficient in generating large clusterd Ne(s) +3Ng(s) +3N¢(s)+8Np(s) =0, (8)
if both clusters are of similar sizes. In this case, the largest
new cluster is about twice as large as the original clusterswhere the formation of new clustefd/ (s) vanishes fos >
In contrast, coalescence of a large cluster with a small clusd. Inserting Egs.X), (3), and {7) leads to the equilibrium
ter increases the size of the large cluster only gradually. Wecondition
therefore only consider the case that one size is not larger
than twice the other size, i.e. that two clusters with sizes in__ (Sp ()2u(s)% =2 p (f)zu (f)z)

. . . . a a

the interval +/2s,+/2s] turn into one cluster with a size be- +/2s2 2°°\2 2

spa<s>2u(s)2—%pa(g)zu(g)z). (7)

F\Neen\/i; and 2/2s. The number of clusters in this interval FF(uls) —us — 1))+ us) g )

is approximately 0

. 1 for s > 1. Alternatively, Eq. 9) can be transformed into a
N(s)= \/jsN(s). (5) differential equation. Since the term in the first parentheses

can be seen as a discrete representation of the differential

It is easily verified that Eq ) is exact if N(s) is constant or ~ operator
N(s) xs~2. However, the cluster numbers in the DS-FFM
follow the relationshipV (s) ocs~*~1 wherer is the scaling .
exponent of the fire-size distribution. In this case, B5). (  dlog,s
changes intaV (s) = MsN(s), but it can easily be
checked that the difference towards EB). i§ less than 2%  and log2~ % we arrive at
forO<7r <1.4.

Using Eq. B), the number of pairs in the interval

slog 2i (10)

d
log2——— =
dlogs ds

us)

1d 2 d
A \2 2 5\ 8Pa (&) u(s)” )+ f——u(s)+—=0. (11)
[34/25,+/25] iS%(N(s)) :%(@W@)) , so that the 2s ds( ‘ ) ds 6
number of coalescence events is roughly The cases = 1 must be treated separately. The terms con-
1 \/T 2 pals)\2 taining 5 or s — 1 in Eq. @) vanish, while formation of new
03|y 25NG) ( A ) ' clusters comes into play. A new cluster of size 1 is gener-

ated whenever a new tree is planted at a site which is nei-
ther part of an existing cluster itself nor of its total perimeter.
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Neglecting the overlap of the perimeters of clusters, we ob-
tain

SN (1) =9(1—ZN(S)S+Z+(S)> :2’;

s=1 3

=0 (1— 1+ f)Zu(s)) 3

s=1 %)_

=0(1—-1+f)p), (12) E

where
p= Zu(s) (13) event size s
s=1

is the total t d ity | th b f ied sit Fig. 3. Event-size distribution in the original DS-FFM (dashed) and
IS the total tree density, 1.€., the number of ocCupied SItes pef, ,q simplest version of our model (solid) for different growth

lattice size. o rates. For clarity, the lines with® = 1000 were shifted downwards
However, Eq. {2) does not regard the contribution of py one decade, and the lines witk= 108 were lifted by one decade.
small clusters correctly as their total perimeter is underes-

timated by Eq. 2), e.g., p;(1) =4 and p,(2) = 6 for real ;
clusters, while Eq.4) predictsp;(1) =0.7 andp,(2) = 1.4. 107
For simplicity, we only apply a correction far=1, so that

Eq. (12) turns into 5 W
2

SNy =0(1—- Q1+ fHp—(@4— Hud)). (14) 'g 10°

From this we immediately obtain g 10°
=

16 5 1 £ e

—=u(l) +(8— +—)u(l)+(1+ )o=1, 15 10

7 [+ Ne (15)

-10 L L ' L 3
where we have assumed that(1) = 4, too, although the un- 10 10° 10? 10* 10° 10°
derestimation of the accessible perimeter by Bjjig rather event size s
weak (Fig.2).

The basic properties of the model can be derived directlyFig. 4. Event-size distribution of our model using the enforced co-
from Eq. (L1) without regard to Eq.15). Let us first insert ~ alescence according to E@J (solid) compared to the DS-FFM
Eq. @) into Eq. (L1) and rearrange the terms in order to de- _(dashed). The pairs of lines fér=1000 and = 108 are shifted as

termine the dominating contributions: in Fig. 3.
S \d N s 3 1 So the frequency density of the fires follows a power law with
(u(s)+ g2s2h dsu(s) N s u(s)+ 0g2s2h u(s)- an exponent
16 1
(16) r:h+§=1.19 (20)
On both sides, the terms arising from coalescence (first term
in Eqg. 11) dominate if in this regime. The scaling exponenis solely determined

by the scaling exponent of the accessible perimeter, which is

f a geometric property of the clusters and coincides with that
u(s) > W and u(s)> 6(h+ ;>gzs2h_1' (17) found for percolation clusters. Thus, Eq9] relatesr to a
2 property of percolation clusters. We note that the predicted
In this case, Eq.1(1) yields valuet = 1.19 matches the value obtained numerically from
the data shown in FidL exactly.
spa(s)%u(s)? =const (18) The conditions statgd i.n Egl'() define. the range of valid-
ity of the power-law distribution. Inserting EqL9) into the
and thus in combination with Eg4) first condition immediately reveals that this condition may be
violated at small cluster sizes. This means that coalescence
u(s) s+, (19) dominates over growth only above a minimum cluster size.

Nonlin. Processes Geophys., 18, 3888 2011 www.nonlin-processes-geophys.net/18/381/2011/
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In return, the second condition defines an upper limit where
burning starts to disturb coalescence. In both cases, the range
strongly depends on the paramegexhich quantifies the in-
tensity of coalescence by means of the accessible perimeter.

Quantifying the behavior af(s) above the upper limit is
more difficult. Here we can only state that E§j1) yields an
exponential decay if coalescence becomes negligible com-
pared to growth and burning: U

u(s)'\'e_f%’. (21)

Figure 3 shows the results obtained by solving Edsl)(
and (5 numerically. Compared to the DS-FFM (dashed

lines), three striking differences occur: . . . . .
Fig. 5. Schematic illustration of the perimeter available for coales-

1. The fire size distribution approaches a power law verycence with clusters of the same size.
slowly at small sizes, so that recognizing a power law

reliably requires very high growth rates.
yreq yhghg 3 The transition to exponential decay

2. The characteristic bump in the distribution at the tran- o _ o
sition from a power law to an exponential decay is not When considering the perimeters of clusters in Rigie al-

reproduced. ready recognized a deviation of the accessible perimeter from
_ _ Eqg. (@) at large cluster sizes. Above a critical size which de-
3. The exponential decay is too fast. pends om, the accessible perimeter grows more rapidly with

With regard to the discussion of EQ.7), the first observation ~ the cluster size than predicted by E4).(

suggests that coalescence is too weak in our approximation. ThiS increase suggests that the shape of the largest clus-
This may be attributed to the assumption that only clusters ofers differs from that of smaller clusters. The change is re-
nearly the same size can coalesce. In order to make a quaft@ted to the result that growth becomes insignificant com-
titative estimate we consider the case that a tree is plantefared to coalescence for large clusters, leading to a less ef-
on the accessible perimeter of a given cluster of sizehe  ficient “smoothing” of the accessible perimeter. As men-
mean increase in size due to coalescence with smaller clugioned above (EqL8), the coalescence ter, (s)%u(s)? in

ters is Eq. 25) becomes constant, while the growth term is propor-
s 2a(6) s tional tou(s) and thus decays according ags) oc s~ +2).
s =/ N(&) “A &dé& =/ u(€&)pq(6)dE, (22) After coalescence of two large clusters, the resulting acces-
1 1

sible perimeter should be nearly the sum of the accessible
where we have introduced a continuous size variable for conperimeters of the two clusters. Thus coalescence in absence
venience. Based on the power-law behaviopgfs) (Eq.4) of growth should result in an almost linear increase of the

andu(s) (Eq.19) we obtain accessible perimeter with the cluster size, similar to the total
perimeter, manifested in the deviation from the power law in
85 = 2u(s) pa($)V/5 (v/5 = 1) X 2u(5) pa(s)s. (23)  Fig.2.

However, this deviation should result in a more rapid de-
cay ofu(s) at large sizes in obvious contradiction to the ob-
served bump in the distribution. This is easily recognized

1 since Eq. {8) immediately leads to
35 =2u(s)pa(s)s 1—\/; ~0.36s. (24)

I 1 dlogp,
dlogu(s) _ 1 _dlogpa(s) (26)
dlogs 2 dlogs

Corresponding to our simplification, only clusters with sizes
greater thary, may contribute, which results in

Thus, our simplification underestimates coalescence by more
than a factor three. In the following, we compensate thisThjs relationship generalizes EQ9] to the case that the ac-

by multiplying the coalescence term in E41 by . i.e.,  cessible perimeter is not a power-law function and directly
replace the tern% with 3—5Y relates the slopes(s) andp, (s) in double-logarithmic plots.

So the decrease af(s) should simply become steeper at the
> d 2 2 d u(s) =0 25 size s where p,(s) leaves the power law if the accessible
= o= (5P )?u()?) + f )+ == =0, (25) Pa P

perimeter is responsible for coalescence, provided that coa-
As shown in Fig. 4), this modification fixes the first problem, lescence still dominates.

but does not change anything at the exponential decay and Understanding this phenomenon requires a more thorough
the transition. In particular, the bump is still not reproduced. consideration of the accessible perimeter that refers to a
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with o ~ % in absence of simple growth. Let us assume

6 = 30,000 6 =1000 that coalescence changes(s) according to Eq.27), so that
an accessible, but non-available pag{(s) — p.(s) remains.
Trees growing at this non-available part should make this
part smaller and the available part larger. As a very sim-
ple approach, we assume that each tree growing on the non-
available part reduces this part just by one site and increases
the available part by one site.

Let us consider a cluster of sizehat just originated from
two half-sized clusters. In each step it is destroyed by fire or
changes its size by further coalescence with the probability

s 1 pe(s)\?
Z—F@\/;SN(S)( " )

q =
| _ s+6,/Su(s)pe(s)?
Fig. 6. Two examples of burnt clusters with~ 10 000 andp, ~ = , (28)
2000 at different growth rates= 30 000 and = 1000. A
while the probability of a new tree being planted at any
perimeter site isp = %. The number of trees, planted

small random walker (of size one). Coalescence in absencgt each site in the mean before the cluster coalesces again
of growth result in fjord-like perimeter elements which are or hurns can be computed as follows. In the first step,
accessible by a small random walker, but not by another clustrees are planted in the mean. A second step takes place at a

ter of the same size as required for efficient coalescence. Fighrobability 1— ¢, and the probability that at leaktsteps are
ureSillustrates this effect for two ball-shaped clusters. After performed is(1— ¢)*~. As p trees are planted in the mean

coalescence, only two thirds of the resulting perimeter arein each step, we obtain
accessible by identical clusters, leadingpg(s) = %pa(%)

in this example. This increase is even slower than that pre- 0 B 0
i i =Y pa-gft=L= (29)
dicted by Eq. 4), pa(s) =2"p.(5) ~ 1.61p,(5). Thus, sim-  "»= ZP =T - >
ple growth is necessary to keep coalescence at its full effi- k=1 S+9\/;“(S)Pc(8)
ciency.

where the sum was computed using a geometric series. Thus,
the probability that a site of the accessible, but not available
for coalescence perimeter of a cluster remains in this state is
~"», so that this number decays according to

As an example, Fig6 shows two burnt clusters ran-
domly drawn from two simulations with different growth
rates. Both are of similar size~ 10 000 and accessible
perimeterp, ~ 2000, which is close to the value predicted ¢

by Eq. @). While the left one § =30 000) is in the regime S\\ _n

where the power-law distribution perfectly holds, the right Pa(s) = Pe(s) = (p“(s)_azhp"(_))e " (30)
one @ = 1000) is just in the middle of the bump of the distri- . . ) )

bution (see Figl). Despite their similar sizes and accessible From this we immediately derive

perimeters, significant differences in their shapes are found: s

The accessible perimeter of the right cluster is less smoothy _ Pe(s) =[1-« re(3) e ", (31)
and there are more large fijord-like structures which are not ~ Pa(s) Da (%)

accessible by a cluster of similar size and shape. Of course, ) ) ) ) )
these two clusters are just examples and not completely rep=0r solving this equation we assume that the ratio of avail-
resentative since clusters of the same size strongly vary iPle and accessible perimeter does not change strongly as
shape, but we found at least the same tendency by compafloubles, namely
ing several clusters. s

We describe this effect by introducing a new perimeterp“_(?) ~ Pe) (32)
pc(s), the accessible perimeter available for coalescencepa(%) Pa(s)
According to Eq. 4), p. should follow the relatiorp.(s) =
thc(%) as long as growth is strong enough. According to

Under this approximation we obtain

the arguments given above, this may decrease to pe(s) L 11—« 33)
oo (S Pals) € —«
pe(s) =a?2 pc(z) (27)

Analyzing this equation witle, from Eq. 29) numerically
reveals that the second term in the denominator in 29).i¢

Nonlin. Processes Geophys., 18, 3888 2011 www.nonlin-processes-geophys.net/18/381/2011/
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and4). These relationships involve 3 nontrivial parameters

0
10 f, g andh. The values of these parameters are known
02 | for percolation clusters, and we verified numerically that the
g clusters of the DS-FFM exhibit the same scaling behavior.
2 0l Our approach suggests that the power-law regime of the
8 event-size distribution arises from coalescence and derives
& 106l the scaling exponent= 1.19 from the scaling exponehtof
S the accessible perimeter alone (). As the latter coin-
L cides with that of percolation clusters, our approach derives
the power-law distribution of the fires in DS-FFM including
10719 ‘ ‘ ‘ \ the scaling exponent from properties of percolation clusters.
10° 10? 10* 10° 10° The other scaling parameters of percolation clustgrarfd
event size s g) only determine the range of the power-law distribution.

_ S ) The bump at the transition to the exponential decay can
Fig. 7. Event-size distribution of our model using(s) (Eq.34)  pe explained from the shape of large clusters generated by
instead ofpq (s) (solid) compared Otg the DS-FFM (dashed). The ¢51e5cence. Assuming that only a part of the accessible
pairs offines forf = 1000 and = 10 are shifted as in Fig3. perimeter is available for coalescence and introducing a sim-

ple model for the maintenance of this part by growth allows

negligible, so we can assumeg = % and thus even a_quantitative prediction of t_he trgnsiti_on. Only the ex-
ponential decay at large cluster sizes itself is not reproduced
1—a well by our approach. So it seems to be the most complicated
pe(s)=pa(s)| 1—— (34)  property of the DS-FFM under quantitative aspects.
es —o
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