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Abstract. Arbitrary amplitude electron acoustic solitons are
studied in an unmagnetized plasma having cold electrons and
ions, superthermal hot electrons and an electron beam. Using
the Sagdeev pseudo potential method, theoretical analysis is
carried out by assuming superthermal hot electrons having
kappa distribution. The results show that inclusion of an elec-
tron beam alters the minimum value of spectral index,κ, of
the superthermal electron distribution and Mach number for
which electron-acoustic solitons can exist and also changes
their width and electric field amplitude. For the auroral re-
gion parameters, the maximum electric field amplitudes and
soliton widths are found in the range∼(30–524) mV m−1

and ∼(329–729) m, respectively, for fixed Mach number
M = 1.1 and for electron beam speed of (660–1990) km s−1.

1 Introduction

Electron acoustic mode can exist in a plasma having two
electron components, hot and cold, and it propagates at a
speed close to the electron-acoustic speed. This mode is very
useful in understanding the high frequency component of
broadband electrostatic noise observed in different regions of
the earth’s magnetosphere. Electron-acoustic solitary waves
have been observed in the Earth’ magnetosphere by vari-
ous satellites, e.g. Viking, FAST etc. (Dubouloz et al., 1991,
1993; Cattell et al., 1998; Pottelette et al., 1999; Ergun et al.,
1999; Miyake et al., 2000).

Several theoretical studies have been done on electron-
acoustic solitary waves in multi-component space plasmas
(Mace et al., 1991; Mace and Hellberg, 2001; Berthomier
et al., 2000, 2003). Singh et al. (2001) examined electron
acoustic solitary waves in a four-component plasma and ap-
plied their results to explain the Viking satellite observations

Correspondence to:S. V. Singh
(satyavir@iigs.iigm.res.in)

in the dayside auroral zone. Verheest et al. (2005, 2007)
showed that inclusion of hot electron inertia can lead to
positive potential electron-acoustic solitons. Lakhina et
al. (2008a, b) investigated large amplitude ion- and electron-
acoustic solitary waves in an unmagnetized multi-fluid plas-
mas. They found that in four-component plasma consisting
of cold background electrons and ions, a hot electron beam
and a hot ion beam, three types of solitary waves, namely,
slow ion-acoustic, ion-acoustic and electron-acoustic soli-
tons are possible. Co-existence of positive and negative po-
tential solitary structures were studied by Kakad et al. (2007,
2009) in multispecies, unmagnetized plasmas by using re-
ductive perturbation and pseudo-potential methods. Lakhina
et al. (2009, 2011) proposed a model based on electron-
acoustic solitons and double layers in a four-component
plasma system consisting of core electrons, two counter
streaming electron beams, and one type of ions, to explain the
electrostatic solitary waves observed by CLUSTER satellite
in the magnetosheath region (Pickett et al., 2005). Several
other studies have been done on electron-acoustic solitons
using non-thermal distribution for the hot electron compo-
nent (Singh and Lakhina, 2004; Gill et al., 2006; El-Shewy,
2007).

All the theoretical studies discussed above considered hot
electron-component in their model either as a Maxwellian,
or included the electron inertia effects. However, it is of-
ten observed that in space plasmas the distribution func-
tions deviate from the Maxwellian due to the presence of
superthermal particles having high energy tails (Vasyliunas,
1968; Leubner, 1982; Marsch et al., 1982; Armstrong et al.,
1983). These superthermal particles can be described byκ-
distribution rather than Maxwellian or any other nonthermal
distribution (Summers and Thorne, 1991; Thorne and Sum-
mers, 1991a, b; Thorne and Horne, 1994; Mace and Hell-
berg, 1995, Hellberg and Mace, 2002).

Only a few studies have been done on electron-acoustic
solitary waves usingκ-distribution for hot electrons. For ex-
ample, Younsi et al. (2010) studied the existence of arbitrary
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amplitude electron-acoustic solitary potentials in a plasma
having stationary ions, cold inertial electrons and hot su-
perthermal electrons. They found that as spectral indexκ

decreases, soliton amplitude increases while its width nar-
rows down. Sahu (2010) studied the existence of small am-
plitude electron-acoustic double layers in an unmagnetized
plasma in a theoretical model similar to Younsi et al. (2010).
Both the above studies did not include the effect of cold elec-
tron temperature and mobile ions. Devanandhan et al. (2011)
extended their work to include the thermal effects of the
cool electrons and mobile ions on electron-acoustic solitary
waves. It is found that inclusion of finite temperature of the
cold electrons alters the existence regime of the solitons and
there is a significant decrease in solitary electric field ampli-
tude with an increase in the temperature of cold electrons.

Satellite observations in different regions of the Earth’s
magnetosphere have shown that the electrostatic solitary
waves are generally associated with electron or/and ion
beams (Dubouloz et al., 1991, 1993; Cattell et al., 1998).
So far in the literature, the studies on the electron-acoustic
solitary waves involvingκ-distribution have not taken into
account the effect of electron/ion beams. The aim of this
paper is to study the effects of electron beam on electron-
acoustic solitary waves. We extend the theoretical model
of Devanandhan et al. (2011) to four component plasma by
adding an electron beam and study its effects on the evolu-
tion of electron-acoustic solitary waves. The organization of
the paper is as follows. In Sect. 2 we describe the theoretical
plasma model and derive the Sagdeev pseudo potential for ar-
bitrary amplitude electron acoustic waves in four-component
unmagnetized plasma consisting of cold electrons, superther-
mal electrons, electron beam and ions. In Sect. 3 we present
numerical results of the theoretical model. Results are sum-
marized in the last section.

2 Theoretical model

An infinite, homogeneous, collisionless, unmagnetized, four-
component plasma is considered having fluid cold electrons,
kappa distributed hot electrons, an electron beam and fluid
ions. We consider the waves propagating along x-direction.
The normalized multi-fluid equations of continuity, momen-
tum, and equation of state which governs the dynamics of
cold electrons, beam electrons and ions are given by,

∂nj

∂t
+

∂
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(
njvj

)
= 0 (1)
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where the subscriptj = c, b, i represents cold electrons,
beam electrons and ions, respectively,Zj = ±1 for electrons

and ions respectively, andµj = mj/me. Heremj , vj , Pj , nj

andφj denote the mass, velocity, thermal pressure, number
density and electrostatic potential forj -th species. Further-
more, we have assumed the same adiabatic index, i.e.γ = 3,
for all the species in the equation of state given by Eq. (3).
This is justified as we are considering one dimensional prob-
lem in an unmagnetized plasma, and the particles will essen-
tially have one degree of freedom along the direction of wave
propagation.

In Eqs. (1)–(3), the densities, velocities, lengths, temper-
ature, time, electrostatic potential (ϕ), and thermal pressure
are normalized by total electron densityNo = Noh+Noc+

Nob = Noi, thermal velocity of hot electronsvth =
√

Th/me,
effective hot electron Debye lengthλdh =

√
Th/4πNoe2, hot

electron temperatureTh, inverse of electron plasma fre-
quencyω−1

pe =

√
me/4πNoe2, Th/e andNoTh, respectively.

The Eqs. (1)–(3) are coupled through the Poisson equation
which is given as,

∂2φ

∂x2
= nh+nc+nb−ni (4)

Here nh represents the number density of hot electrons.
The standard three dimensional isotropic kappa distribu-
tion function of hot electrons is given by Thorne and Sum-
mers (1991a),

foh(v) =
Noh

π
3
2 θ3

0(κ)
√
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v2

κθ2
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(5)

where0(κ) is the gamma function andθ is a modified elec-
tron thermal speed given byθ =

√
(2−3/κ)(Th/me),κ is the

spectral index,Noh, Th, me andv are the equilibrium den-
sity, equilibrium temperature, mass and velocity of the hot
electrons, respectively. In the limitκ → ∞ modified thermal
speedθ reduces to

√
2vth, wherevth =

√
Th/me is the usual

electron thermal speed. In order to have physically mean-
ingful thermal speed one requiresκ > 3/2. The kappa dis-
tribution function reduces to Maxwellian distribution when
κ → ∞. Replacingv2

θ2 by v2

θ2 −
2ϕe

mθ2 in the distribution func-
tion and integrating over velocity space the normalized num-
ber density for hot electrons can be obtained as

nh = noh

(
1−

φ

(κ −3/2)

)−(κ−1/2)

(6)

The linear dispersion relation can be obtained by lineariz-
ing and solving the set of Eqs. (1)–(6) and is given by,

1+
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whereωpj =

√
4πNoj e2/mj and vtj = (Tj/mj )

1/2 are the
plasma frequency and thermal speed of thej -th species, re-
spectively. HereTj andmj are the temperature and mass of
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thej -th species. Further, assuming electron beam drift speed
vo = 0,NohTb/NocTh � 1 (low beam temperature compared
to hot electron temperature) andNobTc/NocTb � 1 (low
beam density compared to cold electron density), and ne-
glecting ion effects, Eq. (7) can be simplified to give the fol-
lowing dispersion relation for the electron-acoustic waves,

ω2
=

k2v2
th

(
Noc
Noh

)(
κ−3/2
κ−1/2

)
1+λ2

dhk
2
(

κ−3/2
κ−1/2

) {
1+3k2λ2

dc+
Nob

Noc

[
1+3k2λ2

db

]}
(8)

In the absence of electron beam, i.e.Nob = 0, the dispersion
relation (8) reduces to that of Mace et al. (1999). Forκ → ∞,
the dispersion relation (8) is the same as obtained by Singh
et al. (2001). Further, it reduces to the dispersion relation
obtained by Berthomier et al. (2000) forκ → ∞ andvo = 0.

Equations (1)–(4) are transformed to a set of equations that
depend on a single variableξ by using the transformation
ξ = x −Mt, whereM = V/vth is the Mach number defined
with respect to the usual hot electron thermal speedvth, and
V is the velocity of the solitons. This normalization is gen-
erally used in the literature (Mace and Hellberg, 2001). The
transformed equations can be written as
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Using appropriate boundary conditions along withφ = 0 and
dφ/dξ = 0 at ξ → ±∞ Eqs. (9)–(12) can be integrated to
yield the energy integral,
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where σj = Tj/Th is the ratio of the temperature ofj -th
species to hot electron temperature. Solitary wave solutions
can be obtained from Eq. (13) when the Sagdeev poten-
tial V (φ,M) satisfies the following conditions:V (φ,M) =

0,dV (φ,M)/dφ = 0, and d2V (φ,M)/dφ2 < 0 at φ =

0;V (φ,M) = 0 at φ = φm and V (φ,M) < 0 for 0< |φ| <

|φm|, φm is the maximum potential. From Eq. (14) it
is seen that the conditionsV (φ,M) = dV (φ,M)/dφ =

0 at φ = 0 are automatically satisfied. The condition
d2V (φ,M)/dφ2 < 0 atφ = 0 is satisfied providedM > Mo,
whereMo is the critical Mach number and satisfies the fol-
lowing equation
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Equation (15) yields 6 roots but all the roots will not be
physical. For numerical computations only the real positive
roots for the critical Mach numbers will be considered. For
the chosen parameters for numerical computation, Eq. (15)
yields three negative and three positive roots. Two of the
positive roots are very small (of the order of 10−3 and 10−1)

and one root is of the order of unity. We are interested in
the positive root which is closer to unity and describes the
electron-acoustic mode. The soliton solutions are obtained
for subsonic (V <

√
2vth) hot electrons; where

√
2vth is the

effective thermal velocity of the hot electrons in the limit
κ → ∞. All other species are supersonic, i.e.V >vtc, vtb,vti .

3 Numerical results

For numerical computations, we use the auroral region pa-
rameters from Dubouloz et al. (1991, 1993) paper. These pa-
rameters corresponds to an observed event and are as follows:
cold electron densityNoc = 0.2 cm−3, hot electron density
Noh = 1.5 cm−3, beam electron densityNob = 1.0 cm−3 and
normalized beam velocityvo/vth = 0.1, cold to hot electron
temperature ratio, ion to hot electron temperature ratio are
σc = Tc/Th = Ti/Th(= σi) = 0.001 and beam to hot electron
temperature ratio,σb = Tb/Th = 0.01. The value of the spec-
tral indexκ for the hot electron is not given by Dubouloz et
al. (1991, 1993). We take typicallyκ = 4 for the hot electron
component. For the chosen parameters mentioned above, the
inequalities used in Eq. (7) to obtain dispersion relation (8)
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Fig. 1. Variation of Sagdeev potentialV (φ,M) vs potentialφ for
the parameters,κ = 4, Noc = 0.2 cm−3, Noh = 1.5 cm−3, Nob =

1.0 cm−3, vo/vth = 0.1, σc = Tc/Th = Ti/Th(= σi) = 0.001 and
σb = Tb/Th = 0.01 for Mach numbersM = 1.0, 1.1 and 1.2 respec-
tively.

for electron-acoustic waves have the valuesNohTb/NocTh =

0.075 andNobTc/NocTb = 0.5. Since these values are be-
low 1, we are confident that the mode we are studying is
the electron-acoustic mode, possibly slightly modified by the
presence of the electron beam. Equations (13) and (14) are
solved numerically to obtain electrostatic potential (φ) pro-
files and Sagdeev potentialV (φ,M), respectively.

Figure 1 shows the variation of Sagdeev potentialV (φ,M)
with normalized potentialφ for various values of M for the
parameters mentioned above. The points where the curves
cut the x-axis define the value of the potentialφ which is the
solution ofV (φ,M) = 0. Soliton solution exists for the Mach
number ranging from 0.88< M < 1.28. It is evident from the
figure that soliton amplitudes increase with the increase in
Mach number. Corresponding normalized electric field (EN)

profiles, which are bipolar in nature, have been plotted in
Fig. 2.

Next, the effect of beam parameters such as electron beam
temperature and speed are studied on the evolution of elec-
trostatic solitary potential structures. Figure 3 shows the vari-
ation of solitary potential amplitude (φ) with ξ for different
values of the beam to hot electron temperature ratio (Tb/Th)

as shown on the curves for Mach numberM = 1.1. Other pa-
rameters are same as in Fig. 1. It is observed that soliton am-
plitude decreases with the increase ofTb/Th values. As elec-
tron beam temperature approaches hot electron temperature,
the soliton solution does not exist. Soliton solution exists
for 0< Tb/Th < 0.16. On the other hand, the soliton width

EN
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Fig. 2. Variation of normalized electric field (EN) vs ξ amplitude
for the parameters of Fig. 1.
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Fig. 3. Variation of soliton potentialφ vsξ for electron beam to hot
electron temperature ratioσb = Tb/Th = 0.0, 0.05, 0.1 and Mach
numberM = 1.1. Other parameters are same as in Fig. 1.

increases with the increase inTb/Th values. Soliton ampli-
tude is maximum in the presence of cold beam (Tb/Th = 0).
In Fig. 4 effect of electron beam speed is studied on the soli-
ton amplitude. It is interesting to note that the soliton so-
lution exists for both positive and negative values ofvo/vth,
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Fig. 4. Variation of soliton potentialφ vs ξ for normalized electron
beam drift velocitiesvo/vth = −0.1, 0.0, 0.1, 0.2 and 0.3 for Mach
numberM = 1.1. Other parameters are same as in Fig. 1.

i.e. soliton solutions can be obtained for both the cases of
co- and counter propagating electron beam to solitary wave
propagation direction (cf. Fig. 4). Soliton solutions are found
in the range−0.14< vo/vth < 0.33. Our theoretical model
predicts the higher soliton amplitude in the case of counter
propagating (V +vo) electron beam than the co-propagating
(V − vo) electron beam. Our speculation is that this trend
could be due to the more free energy available for the case of
counter propagating electron beam than the co-propagating
electron beam. However, width of the soliton is higher for
co-propagating electron beam case and it increases with the
increase in electron beam speed.

Figure 5 shows the effect of superthermal electrons on the
solitary potential structures. Plots are shown for spectral in-
dex κ = 3,4 and 8 forM = 1.1 when the other parameters
are taken the same as in Fig. 1. For low values ofκ (high su-
perthermality), amplitude of the solitary structures is higher.
Increasing the value ofκ leads to the decrease in soliton
amplitude and attains a Maxwellian distribution atκ ≈ 30.
Width of solitons increases with the increase inκ values.

Unnormalized values for the soliton velocity (V ), electric
field (E), soliton width (W ) and pulse duration (τ = W/V )
are given in Tables 1, 2 and 3 for various values of spectral
index,κ, σb = Tb/Th, andvo/vth, respectively. The parame-
ters are taken from an observed event in the dayside auroral
region (Dubouloz et al., 1991, 1993). For this purpose first
we have calculated the range of Mach numbers for which
soliton solution exists. The lower limit of the Mach number
is calculated from the critical Mach numberMo by solving
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-0.4
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=8.0

Fig. 5. Variation of soliton potentialφ vs ξ for kappa,κ = 3.0, 4.0
and 8.0 forM = 1.1. Other parameters are same as in Fig. 1.

Table 1. Properties of electron-acoustic solitons such as soliton ve-
locity (V ), electric field (E), soliton width (W ) and pulse duration
(τ) for various values of spectral index,κ for the dayside auroral
region parameters (Dubouloz et al., 1991, 1993);Noc = 0.2 cm−3,
Noh = 1.5 cm−3, Nob = 1.0 cm−3 , σc = Tc/Th = Ti/Th = σi =

0.001,σb = Tb/Th = 0.01,vo/vth = 0.1, hot electron temperature,
Th = 250 eV, cold electron temperature,Tc = 2.5 eV= Ti (ion tem-
perature).

κ V (km s−1) E (mV m−1) W (m) τ = W/V (µs)

3.0 5370–7823 2.6–479 1288–256 239–32.7
4.0 5834–8486 6.1–544 1159–280 198–32.9
5.0 6099–8884 9.9–595 944–293 154–32.9

the Eq. (15) for the relevant parameters and the higher limit
is found numerically by solving the Sagdeev pseudo poten-
tial V (φm,M) = 0 in Eq. (14) for various values ofM > Mo
(as shown in Fig. 1, for example). The highest value ofM

beyond which soliton solutions are not found isMmax and the
corresponding amplitude of the soliton isφm. Unnormalizing
the Mach number gives us the soliton velocity. The energy
Eq. (13) is solved numerically by using the Euler’s method
to calculate the soliton electric field as shown in Tables 1–3.
Subsequently, width is calculated by using the method of full
width at half maximum.

Table 1 clearly shows that soliton velocity, electric field
amplitude tend to increase withκ but width and pulse du-
ration seems to decrease. Also, the range of soliton veloc-
ities tends to increase withκ. This result is similar to De-
vanandhan et al. (2011). It is noted from Table 2 that the
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Table 2. Properties of electron-acoustic solitons such as soliton ve-
locity (V ), electric field (E), soliton width (W ) and pulse duration
(τ) for various values ofσb = Tb/Th, for the dayside auroral re-
gion parameters (Dubouloz et al., 1991, 1993);Noc = 0.2 cm−3,
Noh = 1.5 cm−3, Nob = 1.0 cm−3 , σc = Tc/Th = Ti/Th = σi =

0.001,κ = 4, vo/vth = 0.1, hot electron temperature,Th = 250 eV,
cold electron temperature,Tc = 2.5 eV= Ti (ion temperature).

σb = Tb/Th V (km s−1) E (mV m−1) W (m) τ = W/V (µs)

0.00 5635–17900 1.5–3788 1831–246 324–13.7
0.01 5834–8486 6.1–544 1159–280 198–32.9
0.05 6298–7558 6.5–193 944–324 149–42.8
0.10 6895–7691 10.6–111 744–359 107–46.6
0.15 7425–7955 12.4–72 600–369 80.8–46.3

maximum electric field amplitude of the soliton for the case
of σb = Tb/Th = 0 (cold electron beam) is about 4 V m−1

which is on the higher side for auroral region of the Earth’s
magnetosphere. However, for finite values ofTb/Th, e.g.
sayTb/Th = 0.01, the maximum electric field amplitude is
about 544 mV m−1, and it subsequently decreases with fur-
ther increase inTb/Th value. Also, the range of soliton ve-
locities and pulse duration decreases with increased beam to
hot electron temperature. From Table 3, it can be seen that
the range of soliton velocities and pulse duration decrease
with the increase invo/vth values. Maximum amplitude oc-
curs for counter propagating electron beam and it decreases
subsequently for the co-propagating electron beam.

4 Discussion

We have studied electron-acoustic solitons in four compo-
nent plasma consisting of cold electrons and ions, hot su-
perthermal electrons and an electron beam. It is found that
the inclusion of electron beam significantly modifies the
regime for the existence of solitons.

For the auroral region parameters (Dubouloz et al., 1991,
1993), namely, hot electron temperature,Th = 250 eV,Noc=

0.2 cm−3, Noh = 1.5 cm−3, Nob = 1.0 cm−3, Tc/Th = 0.001,
Ti/Th = 0.001,Tb/Th = 0.01,M = 1.1 andκ = 4, the electric
field amplitude of solitons comes out to be (524–30) mV m−1

for electron beam speed (660–1990) km s−1 (this corre-
sponds tovo/vth = (−0.1 – 0.3)). The corresponding width
is found to be in the range (329–729) m.

Inclusion of an electron beam affects the regime of the
soliton existence. For example, Mach number for which
soliton solutions are obtained for variousκ (cf. Table 1)
is pushed to the higher side in the present four component
plasma model with electron beam as compared to three-
component model (cf. Table 1 of Devanandhan et al., 2011).
Similarly the effect of electron beam temperature is to lower
the electric field amplitude, soliton velocities and pulse dura-
tion significantly as is evident from Table 2. Further, effect of
electron beam speed is similar to electron beam temperature

Table 3. Properties of electron-acoustic solitons such as soliton
velocity (V ), electric field (E), soliton width (W ) and pulse du-
ration (τ ) for various values ofvo/vth, for the dayside auroral re-
gion parameters (Dubouloz et al., 1991, 1993);Noc= 0.2 cm−3,
Noh= 1.5 cm−3, Nob= 1.0 cm−3, σc =Tc/Th =Ti /Th =σi = 0.001,
κ = 4,σb =Tb/Th = 0.01, hot electron temperature,Th = 250 eV, cold
electron temperature,Tc = 2.5 eV =Ti (ion temperature).

vo/vth V (km s−1) E (mV m−1) W (m) τ = W/V (µs)

−0.1 4641–7956 1.7–715 1559–263 336–33.1
0.0 5238–8088 4.7–595 1101–283 210–34.9
0.1 5834–8486 6.1–544 1159–280 198–32.9
0.3 7094–9613 8.5–518 1001–277 141–28.8

as can be seen in Table 3. The range of kappa values also
widens due to presence of electron beam and minimum value
of kappa for which soliton solutions are obtained are higher
as compared to three-component model of Devanandhan et
al. (2011).

For the parameters discussed in this paper, we did not
find positive polarity solitons. This could be due to the re-
strictions on the plasma parameters since we are using the
fixed densities of the cold, hot and beam electrons as ob-
served by the Viking satellite in the auroral region. How-
ever, the possibility of positive polarity solitons can not be
ruled out if one carry out the analysis by relaxing kappa-
distribution for the hot electrons and allows the hot electron
inertia to be retained in the analysis as suggested by Verheest
et al. (2005, 2007) and subsequently shown by Lakhina et
al. (2009, 2011). In multi-component plasmas, for positive
polarity electron-acoustic solitons to occur the cold electron
density should to be of the order of or greater than hot elec-
tron density as has been seen in the literature (Lakhina et al.,
2008a). In our case, the cold electron density is smaller than
the hot electron density.

Our results may be useful in understanding the electro-
static solitary waves in the auroral region of the Earth’s mag-
netosphere where such electrostatic solitary structures with
similar electric field amplitudes have been observed (Ergun
et al., 1999).
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