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DiscussionsObliquely propagating electron acoustic solitons in magnetized
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Abstract. The problem of small amplitude electron-acoustic
solitary waves (EASWs) is discussed using the reductive per-
turbation theory in magnetized plasmas consisting of cold
electrons, hot electrons obeying nonextensive distribution
and stationary ions. The presented investigation shows that
the presence of nonextensive distributed hot electrons (due
to the effects of long-range interactions) causes a reduction
in the soliton amplitude while its width increases. The effects
of the population ratio of hot to cold electrons and also the
effects of the presence of magnetic field in this situation are
also discussed.

1 Introduction

The idea of electron-acoustic (EA) mode was conceived by
Fried and Gould (1961) during numerical solutions of the
linear electrostatic Vlasov dispersion equation in unmag-
netized, homogenous plasmas. Gary and Tokar (1985) per-
formed a parameter survey and found conditions for the ex-
istence of the EA waves. Electron-acoustic waves (EAWs)
can exist in a two temperature (cold and hot) electron plas-
mas (Watanabe and Taniuti, 1977) in which the cold elec-
trons provide the inertia and the restoring force comes from
the pressure of the hot electrons. The ions play the role of a
neutralizing background only. These are electrostatic waves
of high-frequency (in comparison with the ion plasma fre-
quency), propagating at a phase speed which lies between
the hot and cool electron thermal velocities. EAWs have been
observed in laboratory experiments (Derfler and Simonen,
1969; Henry and Treguier, 1972; Ikezawa and Nakamura,
1981) and space plasmas, e.g. in Earth’s bow shock (Thom-
sen et al., 1983; Feldman et al., 1983; Bale et al., 1998) and
in the auroral magnetosphere (Tokar and Gary, 1984; Lin et

al., 1984). They are associated with broadband electrostatic
noise (BEN), a common high-frequency background activity,
regularly observed by satellite missions in the plasma sheet
boundary layer (PSBL) (Matsumoto et al., 1994; Cattell et
al., 1999; Kakad et al., 2009). BEN emission includes a se-
ries of isolated bipolar pulses, within a frequency range from
about 10 Hz up to the local electron plasma frequency (about
10 kHz) (Matsumoto et al., 1994). This clearly suggests that
BEN is related to electron dynamics rather than to the ions
(Matsumoto et al., 1994; Kakad et al., 2009). During the past
decade, there has been a vast body of theoretical literature
on electron-acoustic waves to explain the space observations
of solitary waves with either negative (Tagare et al., 2004)
or positive potentials (Mamuna et al., 2002a, b). Verheest et
al. (2005) demonstrated that the inclusion of the hot electron
inertia can lead to compressive electron-acoustic solitons and
may render the analysis much more intricate (Verheest et al.,
2007). There are several other papers dealing with electron-
acoustic waves (Yu and Shukla, 1983; Singh and Lakhina,
2001; Cattaert et al., 2005; Lakhina et al., 2008, 2009; Pot-
telette and Berthomier, 2009).

However, these investigations (Dubouloz et al., 1991;
Mace et al., 1991; Berthomier et al., 2000) are not valid
for obliquely propagating EASWs in magnetized plasma.
The nonlinear propagation of the EA waves in a magne-
tized plasma has been considered by Dubouloz et al. (1993).
They reported that the electric field spectrum produced by
an EASW is not significantly modified by the presence of a
magnetic field. Recently, Mace and Hellberg (2001) studied
the properties of obliquely propagating EASWs in magne-
tized plasmas. They have shown that the existence of nega-
tive potential EASWs corresponding to a compression of the
cold electron density is possible.
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On the other hand, space plasma observations indicate
clearly the presence of electron populations which are far
away from their thermodynamic equilibrium (Vasyliunas,
1968; Leubner, 1982; Armstrong et al., 1983; Gill et al.,
2006; Anowar and Mamun, 2008; Pakzad and Tribeche,
2010; Danehkar et al., 2011). Over the last two decades, a
great deal of attention has been paid to nonextensive statisti-
cal mechanics based on the deviations of Boltzmann–Gibbs–
Shannon (B-G-S) entropy measure. A suitable nonextensive
generalization of the B-G-S entropy for statistical equilib-
rium was first recognized by Renyi (1955) and subsequently
proposed by Tsallis (1988), suitably extending the standard
additivity of the entropies to the nonlinear, nonextensive case
where one particular parameter, the entropy indexq, charac-
terizes the degree of nonextensivity of the considered system
(q = 1 corresponds to the standard, extensive, B-G-S statis-
tics). Indeed, there are many physical systems which cannot
be explained using the classical statistical description cor-
rectly. Some of them can be described by suitable framework
of nonextensive statistics. As is well-known, the Maxwellian
distribution in Boltzmann–Gibbs statistics is believed valid
universally for the macroscopic ergodic equilibrium systems.
However, for systems with long-range interactions, such as
plasmas (Coulombian long-range interaction) and gravita-
tional systems, with non-equilibrium stationary states, the
Maxwellian distribution might be inadequate for complete
description of the features. The parameterq that underpins
the generalized entropy of Tsallis is linked to the underly-
ing dynamics of the system and measures the amount of its
nonextensivity. Nonextensive systems (in statistical mechan-
ics and thermodynamics) are systems for which the whole
entropy is different from the sum of the entropies of the re-
spective parts. In other words, the generalized entropy of the
whole is greater than the sum of the entropies of the parts
if q < 1 (superextensivity), whereas the generalized entropy
of the system is smaller than the sum of the entropies of the
parts forq > 1 (subextensivity). Nonextensive statistics was
successfully applied to a number of astrophysical and cos-
mological scenarios. Those include stellar polytropes (Plas-
tino and Plastino, 1993), the solar neutrino problem (Kani-
adakis et al., 1996), peculiar velocity distributions of galaxies
(Lavagno et al., 1998) and systems with long-range interac-
tions and also fractal-like space-times. Cosmological impli-
cations were discussed in Torres et al. (1997), and plasma os-
cillations in a collisionless thermal plasmas (which has been
recently analysed) were provided fromq statistics (Lima et
al., 2000).

On the other hand,κ distributions are highly favoured in
any kind of space plasma modelling (Mendis and Rosen-
berg, 1994) where a reasonable physical background was
not apparent. A comprehensive discussion ofκ distributions
in view of experimentally favoured nonthermal tail forma-
tions is provided in Leubner and Schupfer (2000) where also
typical values of the indexκ are quoted and referenced for
different space plasma environments. In the present analysis

the missing link to fundamental physics is provided within
the framework of an entropy modification consistent with
nonextensive statistics. The family ofκ distribution is ob-
tained from the positive definite part 1/2 ≤ κ ≤ ∞, corre-
sponding to−1 ≤ q ≤ 1 of the general statistical formalism
where in comparison the spectral indexκ is a measure of
the degree of nonextensivity. Since the main theorems of the
standard Maxwell–Boltzmann statistics admit profound gen-
eralizations within nonextensive statistics (Plastino, 1994;
Rajagopal, 1995, 1996; Chame and Mello, 1997; Lenzi et
al., 1998), a justification for the use ofκ distributions in as-
trophysical plasma modelling is provided from fundamental
physics.

The effects of electron nonextensivity on the existence
and possible realization of EASWs in unmagnetized plas-
mas have been studied in Pakzad (2011b). To study the effect
of nonextensive hot electrons on small amplitude electron-
acoustic double-layers (EA-DLs), Pakzad and Tribeche
(2011) considered unmagnetized electron and ion fluids. The
plasma systems under investigation in other papers are differ-
ent in master equations. Note that electron-acoustic solitons
in plasmas consisting of cold and hot electrons are investi-
gated in this paper.

Motivated by this situation, we consider a magnetized
plasma model consisting of a cold, magnetized electron fluid,
hot electrons obeying a nonextensive distribution, and sta-
tionary ions, and investigate the properties of obliquely prop-
agating EASWs.

2 Basic equations

We consider homogeneous plasmas consisting of a cold elec-
tron fluid, hot electrons obeying a nonextensive distribution
and stationary ions in the presence of an external magnetic
field B0 = B0ẑ. The nonlinear dynamics of the electron-
acoustic solitary waves is governed by the continuity and
motion equations for cold electrons, and Poisson’s equation
(Mamun et al., 2002):

∂nc

∂t
+ ∇ · (ncuc) = 0,

∂uc

∂t
+ (uc · ∇)uc = α∇ϕ − ωcc

(
uc · ẑ

)
, and (1)

∇
2ϕ =

1

α
nc + nh −

(
1+

1

α

)
.

In the above equations,nc (nh) is the cold (hot) electron num-
ber density normalized by its equilibrium valuesnc0 (nh0).
uc is the cold electron fluid velocity normalized by the phase
speed of electron-acoustic (Ce = (kBTh/αme)

1/2) in which
kB is Boltzmann’s constant,e the electron charge,me elec-
tron mass andα = nh0/nc0. ωcc = (eB0/mc)/ωpc the cold
electron cyclotron frequency normalized by the cold electron
plasma frequencyωpc, andϕ the electrostatic wave poten-
tial normalized bykBTh/e. The time and space variables are
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in units of the cold electron plasma periodω−1
pc and the hot

electron Debye radiusλDh, respectively.
To model the effects of nonextensivity due to the long-

range interactions between the electrons, we refer to the
one-dimensional equilibriumq distribution function given by
Watanabe (1975),

fe(ve) = Cq

{
1+ (1− q)

[
mev

2
e

2Te
− ϕ

]} 1
q−1

. (2)

The constant of normalization is

Cq = ne0
0
(

1
1−q

)
0
(

1
1−q

−
1
2

)√me(1−q)
2πTe

for − 1 < q < 1 (3)

Cq = ne0

(
1+q

2

) 0
(

1
q−1+

1
2

)
0
(

1
q−1

) √
me(q−1)

2πTe
for q > 1. (4)

Here, the parameterq stands for the strength of the nonexten-
sivity and the quantity0 for the standard gamma function. It
may be useful to note that, forq > −1, theq distribution in
Eq. (2) is unnormalizable. If the electron velocity distribu-
tion is the well-known Maxwell–Boltzmann distribution, the
corresponding value of the parameterq is unity,

fe(ve) =
ne0

(2πTe/me)
1/2

exp

(
−

v2
e − 2Teϕ/me

2Te/me

)
. (5)

Integrating Eq. (2) over the velocity space and noting that, for
q > 1, the distribution function in Eq. (2) exhibits a thermal
cutoff on the maximum value allowed for the velocity of the
particles, given by

vmax =

√
2Te

me

(
1

q − 1
+ ϕ

)
, (6)

we get

ne = nh =

{∫
+∞

−∞
fe(ve)dve for −1 < q < 1∫

+vmax
−vmax

fe(ve)dve for q > 1
. (7)

Finally, the normalized hot electron density is given by
Gougam and Tribeche (2011) and Amour and Tribeche
(2010)

nh = [1+ (q − 1)ϕ]
q+1

2(q−1) . (8)

3 Solitary structure

In order to study the electron-acoustic solitary waves in
the plasma model under consideration, we construct a
weakly nonlinear theory of the electrostatic waves with
small but finite amplitude, which leads to a scaling of
the independent variables through the stretched coordinates
ξ = ε1/2

(
lxx + lyy + lzz− λt

)
, τ = ε3/2t , whereε is a small

dimensionless parameter measuring the weakness of the dis-
persion and nonlinearity. Parameterslx, ly andlz are the di-
rectional cosines of the wave vectork along the x-, y-, and
z-axes, respectively, so thatl2x+l2y+l2z = 1. Theλ is unknown
phase velocity which will be determined later. In the above
transformation,λ is normalized byCe.

We also expandnc, ucx,y,z andϕ in a power series ofε as
follows:

nc = 1+ εn1c+ ε2n2c+ . . .

ucx = ε3/2u1cx + ε2u2cx+ . . .

ucy = ε3/2u1cy+ ε2u2cy+ . . .

ucz = εu1cz+ ε2u1cz+ . . .

ϕ = εϕ1 + ε2ϕ2 + . . .

(9)

We write equation set in Eq. (1) in various powers ofε. From
the lowest order inε of the continuity equation, the z com-
ponent of the momentum equation and Poisson’s equation,

we haven1c =
−αl2z
λ2 ϕ1, u1cz =

−αlz
λ

ϕ1 andλ =

√
2

q+1lz. One

can write the lowest order of the x and y components of the
momentum equation as

u1cx =
−αly

ωcc

∂ϕ1

∂ξ
, u1cy =

αlx

ωcc

∂ϕ1

∂ξ 1
, (10)

which represent the y and x components of the cold elec-
tron drift arising due to the balance between the electric
and Lorentz forces respectively. We can also obtain the next
higher order x and y components of the momentum equation
as

u2cx =
−αlxλ

ω2
cc

∂2ϕ1

∂ξ2
, u2cy =

−αlyλ

ω2
cc

∂2ϕ1

∂ξ2
. (11)

These are the x and y components of the cold electron pola-
rization drift respectively. To the next higher order inε, from
the continuity equation, the z component of the momentum
equation and Poisson’s equation, we obtain∣∣∣∣∣∣∣∣∣∣∣∣∣

∂n1c
∂τ

− λ
∂n2c
∂ξ

+ lx
∂u2cx
∂ξ

+ ly
∂u2cy
∂ξ

+ lz
∂u1cz
∂ξ

= 0

∂u1cz
∂τ

− λ
∂u1cz
∂ξ

+ u1czlz
∂u1cz
∂ξ

− αlz
∂ϕ2
∂ξ

= 0

∂2ϕ1
∂ξ2 −

n2c
α

−
q+1

2 ϕ2 −
(q+1)(3−q)

23 ϕ2
1 = 0

. (12)

Finally, from Eqs. (10), (11), and (12), the KdV equation
yields

∂ϕ1

∂τ
+ Aϕ1

∂ϕ1

∂ξ
+ B

∂3ϕ1

∂ξ3
= 0, (13)

where the coefficients are

A =
−lz

√
2(q + 1)

{
3− q

2
+ 3

(
q + 1

2

)
α

}
,

B =
λ

q + 1

{
1+

1− l2z

ω2
cc

}
. (14)
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The above results can be compared with the results in Pakzad
(2011a, c) in unmagnetized plasmas for planar and nonplanar
geometry, respectively. Our results are also in agreement with
the outcomes for the propagation of electron-acoustic waves
in the presence of trapped electrons as reported in Mamun et
al. (2002).

In order to study a stationary solitary wave solution for
Eq. (13), we assume that the stationary solution can be ex-
pressed asϕ1 = ϕ1(χ), whereχ = ξ − uτ . Substituting this
expression into Eq. (13), the following stationary solitary
wave solution can be obtained:

ϕ1 = ϕ0sech2
(χ

w

)
, (15)

whereϕ0 = 3u
/
A is the soliton amplitude andw = 2

√
B/u

is its width.
The electron-acoustic soliton in Eq. (15), which is ob-

tained in the small amplitude approximation, clearly indi-
cates the existence of solitary waves with negative ampli-
tude.A is positive ifq >

3(1+α)
1−3α

. Figure 1 shows the region in
whichA is positive. This figure shows that both positive and
negative solitary waves can be created in this media. How-
ever for a small set of the medium parameters, positive am-
plitude solitons can be propagated (which has been marked
in Fig. 1).

The soliton maximum amplitude is independent of the
magnitude of the external magnetic field as one can observe
in other similar plasma systems (Mamun et al., 2002; Anowar
and Mamun, 2008). It is obvious that the magnetic field can-
not change the energy of a physical system. Equation (14)
shows that the parameterA is proportional tolz (lz = cosγ ,
whereγ is the angle between the directions of the wave prop-
agation vectork and the external magnetic fieldB0). There-
foreϕ0 is inversely proportional tolz. It is interesting to know
that the soliton maximum amplitude is inversely proportional
to l2z in plasmas containing electrons with nonisothermal dis-
tribution (Mamun et al., 2002). On the other hand, Eq. (14)
indicates that the soliton amplitude is also inversely propor-
tional to α. ϕ0 is a complicated function ofq, and one can
find the effect of this parameter on the soliton amplitude us-
ing numerical analysis.

For 1− l2z � ω2
cc the soliton width is almost independent

of ωcc and directly proportional to
√

lz. For 1− l2z � ω2
cc

the soliton width is very sensitive toωcc. These results are
in agreement with the results for nonisothermal distributions
(Mamun et al., 2002).

4 Results and discussions

Numerical analysis has been employed to study the effects of
nonextensive hot electrons, the density ratio between hot and
cold electrons (α) and external magnetic field on the charac-
teristics of solitary waves.

Figure 2 shows how the amplitudeϕ0 changes with re-
spect to the propagation angle, for different values of nonex-

Fig. 1.ParameterA in q–α space.

tensive parameter. Absolute value of the soliton amplitude
ϕ0 increases whenq increases (i.e. the long-range interac-
tion between hot electrons is not negligible). Increasing the
soliton amplitude is more sensible for the larger values ofγ

(smaller values oflz). This figure also shows that the soliton
amplitude is an increasing function ofγ . Thus the soliton
amplitude finds its maximum values in smaller values oflz
as mentioned before.

The general shape of theϕ0 as a function ofγ but with
greater values of theq is the same as what we can see in
Fig. 2. The difference is that the increasing ratio in the abso-
lute value of soliton amplitude becomes smaller whenq in-
creases (i.e. nonextensivity properties are negligible.). Note
that nonextensive distribution goes marginally toward the
Maxwellian distribution in greater values ofq. Therefore one
can conclude that the existence of nonextensive distributed
hot electrons decreases the soliton amplitude. Alsoϕ0 is a
sensitive function of the population of hot electrons when the
concentration of nonextensive electrons becomes higher. The
soliton energy is proportional to its amplitude. Thus we can
conclude thatq-distributed hot electrons decrease the soliton
energy.

Figure 3a and b present maximum soliton amplitudeϕ0 as
a function ofγ with different values ofα. Figure 3a has been
plotted with a negativeq value (q = −0.5), while Fig. 3b is
the same as Fig. 3a but with a positiveq (q = 0.5). These
figures clearly show that the absolute value of the soliton
peak decreases with an increasingα. Comparison of Fig. 3a
and b shows that the decreasing rate in the soliton ampli-
tude is more sensible for greater values ofq. Therefore sen-
sibility to the ratio of hot to cold electrons decreases in a
plasma system withq-distributed hot electrons. On the other
hand, the soliton energy decreases when the population of hot
electrons (relative to the cold electrons) increases, as Fig. 3a
and b demonstrate.

Variation of the soliton width with respect toγ has been
plotted in Fig. 4 for different values ofq. In general, the
soliton width has a maximum value in the variate range of
γ . This figure shows that the maximum value of the soliton
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Fig. 3. (a)Maximum amplitudeϕ0 with respect toγ with different
values for the parameterα. (b) Maximum amplitudeϕ0 with respect
to γ with different values for the parameterα.

width decreases asq increases. It is mentioned that nonexten-
sive distribution reduces to Maxwellian distribution for large
values ofq. This means that the effect of nonextensivity is
noticeable for smaller values ofq. Therefore, one can con-
clude that the presence of nonextensive electrons increases
the width of the soliton. It is obvious that rapid electrons have
greater mean free path, thus decreasing the soliton compact-
ness. Also one can find from Fig. 4 that the variation ofq

value does not change the angle in which the maximum soli-
ton width appears.
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parameterq.
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Fig. 5. (a)Soliton width with respect tolz with q = −0.5 and dif-
ferent values for the parameterωcc. (b) Soliton width with respect
to γ with q = 0.5 and different values for the parameterωcc.

Figure 5a and b demonstrate the width of the soliton with
respect toγ with different values of the parameterωcc. Fig-
ure 5a has been plotted withq = −0.5, while Fig. 5b has
been sketched withq = 0.5. This figure demonstrates that the
soliton width decreases with an increasingωcc. Therefore a
soliton finds smaller width in greater magnetic field. It is not
surprising, because greater magnetic field reduces the radius
of particle circular motion. It is obvious that forγ = 0 the
soliton width is not depending on theωcc as also presented
in Fig. 5a and b.
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5 Conclusions

Properties of electron-acoustic solitary waves propagating
in magnetized plasmas of cold fluid ions and electrons
with nonextensive distribution have been investigated in
this paper. It may be noted that Landau damping of elec-
trostatic plasma waves is often enhanced in the presence
of a q-distributed electron population, as compared with
Maxwellian plasmas. It is found that both rarefactive (neg-
ative amplitude) and compressive (positive amplitude) soli-
tons can be propagated in this plasma. The soliton ampli-
tude increases with an increasing value of the parameterq.
This means that the long-range interaction effects reduce the
soliton amplitude. It is the same as what we can see for su-
perthermal, distributed electrons. It is obvious because the
superthermal distribution is a special case ofq-nonextensive
distribution indeed. Soliton amplitude also increases with in-
creasing values for angleγ . This means that the soliton en-
ergy increases in the presence ofq-distributed electrons and
also greater values of the angleγ . Solitons in plasmas with
greater values ofq have steeper profiles. On the other hand
solitons in plasmas with greater values ofα have smaller
maximum amplitude and therefore smaller energy. Also it is
shown that the soliton profile becomes narrower in stronger
magnetic fields.

As mentioned before both rarefactive and compressive
solitons may be created in the plasma under study. This
means that the parameterA takes both positive and negative
values. Thus it is possible thatA becomes zero. In this
situation the KdV equation is not valid. It is an interesting
and important point which can be investigated in further
investigations.
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