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Abstract. It is well known that the structure of magnetic
field lines in solar wind can be influenced by the presence of
the magnetohydrodynamic turbulence. We have developed a
Monte Carlo simulation which traces the magnetic field lines
in the heliosphere, including the effects of magnetic turbu-
lence. These effects are modeled by random operators which
are proportional to the square root of the magnetic field line
diffusion coefficient. The modeling of the random terms is
explained, in detail, in the case of numerical integration by
discrete steps. Furthermore, a proper evaluation of the dif-
fusion coefficient is obtained by a numerical simulation of
transport in anisotropic magnetic turbulence. The scaling of
the fluctuation level and of the correlation lengths with the
distance from the Sun are also taken into account. As a con-
sequence, plasma transport across the average magnetic field
direction is obtained. An application to the propagation of
energetic particles from corotating interacting regions to high
heliographic latitudes is considered.

1 Introduction

If charged particles have Larmor radius much smaller than
the typical turbulence scale lengths, with good approxima-
tion, they move along the magnetic field lines so that the
magnetic field structure determines particle transport. In ad-
dition to the global, average magnetic field configuration,
a relevant level of magnetic turbulence is often present in
space plasmas, which induces a random walk of magnetic
field lines (Jokipii and Parker, 1968, 1969). This problem
also attracted much interest in the plasma fusion field as well
(Rosenbluth et al., 1966; Rechester and Rosenbluth, 1978;
Krommes et al., 1983; Isichenko, 1991).

Here, we perform a numerical study of field line trans-
port in the presence of magnetic turbulence. In order to trace
the magnetic field lines in the heliosphere, we first integrate
the magnetic field lines in a local cartesian frame, where a
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three-dimensional model of magnetic turbulence allows us to
evaluate a non quasilinear magnetic field line diffusion coef-
ficient even in the case of anisotropic turbulence, as observed
in the solar wind. Then, by means of a Monte Carlo simu-
lation, where a random force term proportional to the diffu-
sion coefficient is added to the magnetic field line equations,
we evaluate how the magnetic field lines diffuse in the he-
liosphere. To this end, simple but physically based assump-
tions on the scaling of the fluctuation level and of the corre-
lation lengths with the radial distance are made. Finally, we
consider Ulysses’ recurrent observations of energetic parti-
cles at high southern heliographic latitudes, made during its
first descent toward the south polar region (e.g. Sanderson et
al., 1995; Simnett et al., 1998). These particles are acceler-
ated by corotating interaction regions (CIRs), which extend
in latitude up to about±35◦, while energetic particles en-
hancements were observed up to 70◦–74◦ S for protons, and
even 80◦ S for electrons. We show that latitudinal magnetic
field line diffusion due to anisotropic magnetic fluctuations
can indeed explain the propagation to such southern latitudes
of both ions and electrons.

2 Numerical simulation

The study is carried out in two consecutive steps: first, we
perform the simulations in a local Cartesian frame (x, y, z)
(see Fig. 1) to determine the influence of the magnetic tur-
bulence on the diffusion coefficients; second, we perform a
Monte Carlo simulation to consider the inhomogeneity of the
heliosphere, and to take into account the solar wind magnetic
spiral structure. For this second step, spherical coordinates
are used. This implies a separation of scales, e.g. that the tur-
bulence correlation length is much smaller than the radius of
curvature of the spiral, so that the diffusion coefficient found
in the local, Cartesian frame can be used in the global, helio-
spheric simulation.

The magnetic field lines are, by definition, those lines
which are tangent at any point in space to the magnetic field
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Fig. 1. Local reference frame in the solar wind.

direction. This means that the elementary displacementdr

along the field line is parallel toB(r); we can express this
by writing dr = Bdλ, wheredλ is a scalar quantity. Ifdλ

is choosen asds/|B|, we obtain the field line equations as
dr/ds = B/|B|, and it is easily verified thatds is the arc
length element alongB. If we choosedλ asdξ/B0, with B0
a constant, this yields

dr

dξ
=

B(r)

B0
=

B0 + δB(r)

B0
(1)

whereB0 = B0êz is the average field andδB(r) the fluctu-
ating magnetic field. In this set of nonlinear, stochastic ordi-
nary differential equations,r ≡ (x, y, z) are the unknowns,
andξ is the independent variable. It can be seen thatξ rep-
resents the length of the unperturbed field lines (the same is
true if B0(r) = |B0(r)| varies in space). ForδB 6= 0, the
ensemble average ofdr/dξ yieldsξ as the average value of
the projection of field lines on the unperturbed fieldB0, i.e.
dξ = 〈dr · B0/B0〉 = 〈dr · êz〉 = 〈dz〉. We choose this form
of the field line equations as it is more appropriate to perform
the Monte Carlo simulation reported below.

2.1 Diffusion coefficients in local anisotropic turbulence

Here, as a first step, we evaluate the diffusion coefficients of
magnetic field lines in an anisotropic magnetic turbulence.
We assume the local frame (x, y, z) of Fig. 1, and use the
Cartesian geometry. Such a local approach is justified by the
fact that the correlation length of the magnetic turbulence is
much smaller than the scale of variation of the average spiral
field (to be discussed later).

Magnetic turbulence is represented as the sum of static
magnetic perturbations (Pommois et al., 1999a; Zimbardo et
al., 2000):

δB(r) =

∑
k,σ

δB(k)êσ (k) expi[k · r + φσ
k ] (2)

where êσ (k) are the polarization unit vectors,φσ
k are ran-

dom phases, and the Fourier amplitudeδB(k) is given by the
spectrum:

δB(k) ∝
1

(kx
2lx

2
+ ky

2ly
2
+ kz

2lz
2)γ /4+1/2

(3)

whereγ = 3/2 is the spectral index, andlx, ly, lz are the
correlation lengths in thex, y, andz directions, respectively.
Different values of the correlation lengths quantify the aniso-
tropy of turbulence as they define the shape of the ellipsoid
representing the excited wave mode distribution ink–space.

By integrating a large numberN of magnetic field lines
with different initial conditions, the variances

〈1xi
2
〉 =

1

N

N∑
j=1

[
xi,j (ξ) − xi,j (0)

]2 (4)

can be computed as a function of the integration parameter
ξ , and the diffusion coefficients are obtained from the trans-
port law 〈1xi

2
〉 = 2Diξ (i = x, y). (See Zimbardo et al.,

1995; Pommois et al., 1998, 1999a, for more details on the
numerical technique).

Extensive numerical simulations of magnetic field line
transport were performed with a similar model by Pommois
et al. (1999a) in the case of anisotropy in the plane perpen-
dicular to the average fieldB0, and by Zimbardo et al. (2000)
in the case of anisotropy axially symmetric aroundB0. We
have computed the diffusion coefficient in the more general
case when all the correlation lengths are different, as a func-
tion of δB/B0, and wherelz/ly equals either 1 or 10, and
lx/ly varies from 1 to 8. Such a range of correlation lengths
is consistent with that found from the analysis of the solar
wind data (Matthaeus et al., 1990; Carbone et al., 1995).
Indeed, several studies of solar wind turbulence indicate a
strong anisotropy in the correlation lengths, although further
data analysis is needed to better constrain the values oflx ,
ly , and lz. Note that the anisotropy of turbulence has been
studied also considering a two-component model, i.e. two-
dimensional plus slab fluctuations (Matthaeus et al., 1995;
Gray et al., 1996), which implies very strong anisotropy, ax-
ially symmetric aroundB0. Indeed, the slab component cor-
responds tolz � lx, ly , while the two-dimensional compo-
nent corresponds to the limitlz � lx, ly . However, for this
study, we maintain a single component anisotropic model
which can reproduce either the slab or the two-dimensional
model (see Zimbardo et al., 2000).

For the fluctuation levels relevant to the solar wind,
δB/B0 ' 0.5–1 (e.g. Zank et al., 1998), and for the degrees
of anisotropy of interest, the diffusion coefficients obtained
by numerical simulation can be modelled by the following
simple expression (Pommois et al., 2001):

Di = D
(

δB

B0

lz

lx

)µ
lx

lz

(
li

lx

)ν

lx (5)

with i = x, y, and whereD, µ and ν are dimensionless
parameters. Note that the field line diffusion coefficientDi
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has the dimensions of a length. In the above expression, the
“spare”lx is to be used to set the physical value ofDi . A best
fit of the computed diffusion coefficient yieldsD = 0.028,
µ = 1.51 andν = 0.67. The best fitting line is shown in
Fig. 2, together with the diffusion coefficients. In order to
appreciate the scaling ofDi with the fluctuation level, we
plottedDi/[(lx

2/lz)(li/lx)
ν
] versus(δB/B0)(lz/lx). As can

be seen, a scaling ofDi different from the quasilinear one
(which impliesµ = 2) is obtained (see also Gray et al.,
1996). Equation (5) implies that iflx > ly , thenDx > Dy ,
as well, and this anisotropy is often found in the solar wind
(lx > ly) (Carbone et al., 1995), where thex direction is
chosen according to Fig. 1.

2.2 Monte Carlo simulation of field line tracing

As a second step, we trace the magnetic field lines in the he-
liosphere by integrating Eq. (1) and taking into account that
the average magnetic fieldB0(r) corresponds to the usual
solar wind field (Parker, 1958). In spherical coordinates, we
have

〈Br 〉 = BrE

( rE

r

)2

〈Bϑ 〉 = 0 (6)

〈Bϕ〉 = −BrE

( rE

r

)2 � r

VSW
cosϑ

wherer is the radial distance from the Sun,ϑ is the helio-
graphic latitude,ϕ is the longitude,BrE is the radial compo-
nent of the solar wind magnetic field at the Earth (rE = 1 AU)
and� is the solar rotation rate (26 days). In order to take into
account the fast and slow stream structure of the solar wind,
the solar wind speed is modeled as

VSW = Vmax −
Vmax − Vmin

1 + (sinϑ/sinϑt )
8

(7)

whereVmax = 750 km/s,Vmin = 350 km/s, and the transition
velocity latitude isϑt = 15◦ (e.g. Kóta and Jokipii, 1995).

The fluctuating magnetic field component is now modeled
as a random process, i.e.δB(r)/B0(r) in Eq. (1) is replaced
by (Kubo et al., 1985; Binder, 1979)

δBi(r)

B0(r)
= ηi(ξ)Ai(r) (8)

wherei = x, y in the local frame of reference of Fig. 1, and
ηx(ξ) andηy(ξ) are two uncorrelated random functions with
no memory (white noise) (Uhlenbeck and Ornstein, 1930).
It should be understood that Eq. (8) leads to the same aver-
age field lines and the same transport properties of Eq. (1),
but the random termηi(ξ)Ai(r) is not meant to represent a
realization of the fluctuating magnetic field. Indeed, the dif-
fusion properties of Eq. (1) were studied in the previous sub-
section, and the value of the diffusion coefficients, Eq. (5),
is now used to assess the amplitude ofAi(r), as indicated
below. Indeed, it is straightforward to show that Eq. (8)
leads to a transport law of the form〈1r2

〉 = 2Dξ . In the
case of analytic integration of Eqs. (1) and (8), the random
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Fig. 2. Ratio Di/[(lx
2/lz)(li/lx)ν ] versus(δB/B0)(lz/lx) and

best fitting line for these data. Markers: Plus signs forDx ; crosses
for Dy .

“force” amplitudesAi(r) are related to the diffusion coeffi-
cients in Eq. (5) byAi(r) =

√
6Di(r) (Uhlenbeck and Orn-

stein, 1930; Veltri et al., 1990).
It is interesting to notice that when performing numerical

integration by discrete steps,1ξ , the relation betweenAi(r)

andDi(r), is somewhat modified. In the discrete case,ηi is
a dimensionless random number evenly distributed between
−1 and+1. We number byn the integration steps, whose
total number we callM and integrate Eqs. (1) and (8) in a di-
rection perpendicular to the average field, for example, thex

component. Then1xn/1ξn = ηx(ξn)Ax(r), if we consider
equal steps1ξ , yields,

(1x)M = 1ξ

M∑
n=1

ηx(ξn)Ax(rn) (9)

Upon squaring we obtain

(1x)2
M = (1ξ)2

M∑
n=1

M∑
m=1

ηx(ξn)ηx(ξm)Ax(rn)Ax(rm) (10)

The random numbers areδ–correlated, and that corresponds
to 〈ηx(m)ηx(n)〉 = δnm/3, therefore,

〈(1x)2
M 〉 =

(1ξ)2

3

M∑
n=1

Ax(rn)Ax(rn) (11)

Now we make use of the assumption of separation of scales
as given above, i.e. the correlation length of the turbulence
(the diffusion scale) has to be much smaller than the radial
scale of change of the averaged quantities, which is the he-
liocentric distancer. Thus, the quantityAx(rn)Ax(rn) can
be taken out of the sum and we haveM equal addends, yield-
ing

〈(1x)2
M 〉 =

Ax
2(rn)

3
M(1ξ)2 (12)
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Fig. 3. Breakpoint wavelength versus radial distance (open
squares). Best fitting line (dash-dotted line). From Pommois et al.
(1999b).

The total number of stepsM is related to the total displace-
ment ξ along the unperturbed field lines byM = ξ/1ξ ,
whence

〈(1x)M
2
〉 ≡ 〈(1x)ξ

2
〉 =

Ax
2(r)

3
ξ1ξ (13)

Comparison of this expression with the standard diffusion
law shows that in the case of numerical integration by dis-
crete steps the random “kick” amplitudeAx(r) must be re-
lated to the diffusion coefficient by

Ax =

√
6Dx

1ξ
(14)

A similar expression forAy is obtained. It can be seen that
Ax is dimensionless, since bothDx and1ξ have the dimen-
sions of a length, and thatAx depends on the value of the
integration step1ξ . In practice, at each step in the numer-
ical integration, the field line positionr is advanced along
the unperturbed field by1ξ , and perpendicular to the unper-
turbed field byηxAx1ξ = ηx

√
6Dx1ξ . Also, note that the

standard estimate of diffusion coefficients as the mean square
displacementλ2 over the displacement timeτ , D ∼ λ2/τ , is
recovered from the above expression whenλ → ηAx1ξ and
τ → 1ξ .

2.3 Expression of the diffusion coefficient in the solar wind

In order to have the numerical value of the diffusion coeffi-
cients in Eq. (5), it is necessary to relatelx to the correlation
lengths of the observed magnetic turbulence. Introducing the
radial correlation lengthλr and the angleα between the av-
erage magnetic field and the radial direction (see Fig. 1), we

obtain that the expression oflx is

lx = λr

(
ly

2

lx
2

sin2 α +
lz

2

lx
2

cos2 α

)−1/2

(15)

Using the data on magnetic turbulence of several spacecrafts,
Horbury et al. (1996) reported the value of the radial break-
point wavenumberkr as a function ofr. The breakpoint
wavenumber corresponds to the change of slope in the mag-
netic fluctuation spectrum, and marks the beginning of the
inertial range of turbulence. The corresponding breakpoint
wavelength represents the radial correlation length. A best
fit of λr = 2π/kr as a function of the distance from the Sun
yields (see Fig. 3)

λr(r) =

(
r

rE

)1.29

× 0.033AU (16)

Next, the variation of the turbulence levelδB/B0 as a func-
tion of the positionr of the magnetic field lines is to be con-
sidered, as well. The magnetic fluctuationsδB are assumed
to evolve with radial distance according to the WKB scaling,
i.e. δB2/δBE

2
∼ rE

3/r3, whereδBE is the fluctuation am-
plitude at the Earth’s orbit. The WKB scaling of magnetic
fluctuations in the solar wind has been confirmed for turbu-
lence periods less than 2 hours and at 10 hours by Belcher
and Burchsted (1974), and by Roberts et al. (1990), respec-
tively, and for periods up to one day by Jokipii et al. (1995)
and Goldstein et al. (1995), out of the ecliptic plane. At larger
scales a slower decay with distance is found by Jokipii et al.
(1995), although Goldstein et al. (1995) report indications of
the WKB scaling down to 10−6 Hz. While understanding
the scaling of magnetic turbulence with distance is a basic
issue for solar wind studies (e.g. Zank et al., 1996), we adopt
the WKB scaling as a simple model consistent with obser-
vations. On the other hand, the slower decay of the fluctu-
ations at larger scales would enhance the field line transport
reported below. Thus, the magnetic turbulence level is mod-
elled as

δB

B0
=

δBE

BE

(
1 + β2rE

2

1 + β2r2 cos2 ϑ

)1/2(
r

rE

)1/2

(17)

whereδBE/BE is the fluctuation level at 1 AU in the ecliptic

plane (here,BE = BrE
(
1 + β2rE

2
)1/2

andβ = �/VSW).
Finally, the value of the diffusion coefficientDi(r) to be used
for modelling the random “force” in Eq. (14), is obtained by
inserting Eqs. (15) and (17) into Eq. (5).

3 Results of the simulation

In the simulation, we fix the starting point of the magnetic
field line at (r0, ϑ0, ϕ0), and we choose the parameters mod-
elling the fluctuations, i.e.δBE/BE, ly/lx andlz/lx . For in-
stance, for an anisotropy of the correlation lengths given by
lx/ly = lx/lz = 8, a fluctuation level at 1 AU ofδBE/BE =

0.7 (Zank et al., 1998), and an assumed source of energetic
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Fig. 4. Values of the angleϑ and1ϕ = ϕ − ϕ0 obtained at the end
of the integration for 10000 lines (see text).

particle on field lines corresponding tor0 = 8 AU and to
ϑ0 = 30◦

±10◦, we show in Fig. 4 the angular distribution of
field lines obtained at an heliocentric distance ofr = 3 AU.
Note that the spread in azimuth at low latitudes (i.e. the “tail”
in Fig. 4) is due to the change of the solar wind velocity at
ϑt = 15◦ of latitude (for more details see Pommois et al.,
2000).

As an application, we consider the recurrent energetic par-
ticle events detected at high southern latitudes (70◦–74◦) by
the Ulysses spacecraft (Simnett et al., 1998). These parti-
cles are accelerated by corotating interaction regions (CIRs)
located at lower latitude (less that 35◦). Ulysses also con-
firmed that the average magnetic field in the solar wind fol-
lows the constant latitude Parker model, even at high lati-
tudes (Forsyth et al., 1996). Consequently, the particles ac-
celerated at the CIR should undergo cross field transport in
latitude up to 40◦ to be observed by Ulysses (see Fig. 5).
This discovery has stimulated theorical studies on the non ra-
dial structure of the average, large scale magnetic field (Fisk,
1996), as well as studies of latitudinal diffusion due to mag-
netic field fluctuations (Ḱota and Jokipii, 1995, 1998; Gi-
acalone, 1999). In particular, Kóta and Jokipii (1995, 1998)
have pointed out the importance of anisotropic magnetic field
line diffusion.

To understand whether the magnetic turbulence can al-
low the propagation of the particles to high heliographic lat-
itudes, we assume that the energetic particles are accelerated
at 8 ÷ 10 AU from the Sun, and we follow the magnetic
field lines toward the Sun. We analyse the simulation re-
sults from the spacecraft’s point of view. It is as if the pat-
tern in Fig. 4 rotates over Ulysses every 26 days, while the
spacecraft slowly changes latitude. For a given interval1ϑ

corresponding to the Ulysses position, we count the number
of field lines in Fig. 4 as a function ofϕ, with 1ϕ bins of 9◦,
so that we have an histogram as a function ofϕ. Because of
the correspondence between the time and azimuthal angles,
the histogram is plotted as a function of time, and whenϕ

has increased by 360◦, a new interval1ϑ is considered (see

Fig. 5. Constant latitude cones indicating the zones which are con-
nected magnetically in the solar wind. The wide cone corresponds
to the maximum extent of the CIR, the narrow cone to the latitude
at which Ulysses still detected recurrent energetic particles.

Pommois et al., 2000). This yields the histograms of field
line distribution as a function of day of the year 1994 as re-
ported in Fig. 6, where the ratiolx/ly is going from 1 to 8. It
can be seen that some field lines travel until a latitude of 70◦

or more, and therefore show that magnetic field line diffusion
can provide the required magnetic connection between CIRs
and high heliographic latitudes. Increasing the anisotropy
lx/ly leads to peaks at higher latitudes (see the variation of
the high latitude peaks from top panels to bottom panels in
Fig. 6). Even for a moderate degree of anisotropy, such as
lx/ly = 3, there is a peak in field line distribution at∼ 74◦

(see Fig. 6b) which is in agreement with Ulysses observa-
tions of 1 Mev protons. Increasing the distancer0 has the
same effect of increasing the fluctuation levelδBE/BE, as
shown by Fig. 6, panel (c) and (e).

It appears that when reasonable levels of anisotropy,
lx/ly = 3–5, are considered, the results of the simulation
of Fig. 6 (see panels b, c, e), are similar to the observations
of energetic particles events made by Ulysses, and reported,
for instance, by Simnett et al. (1998).

4 Conclusions

In this paper, we have presented a numerical simulation that
traces the magnetic field lines in the heliosphere including
the effect of magnetic turbulence. Anisotropy of turbulence
is taken into account by a first numerical simulation in Carte-
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Fig. 6. Histograms of the distributions of magnetic field lines versus
time obtained using the result of the Monte Carlo simulation. The
lower horizontal axis reports the day of the year 1994 (see text). The
simulation parameters for each run are the following: for panels(a),
(b), (c) and(d), δBE/BE = 0.7, r0 = 8 AU, and(a): lx/ly = 1;
(b): lx/ly = 3; (c): lx/ly = 5; (d): lx/ly = 8. For panel(e)
lx/ly = 5, δBE/BE = 0.5, andr0 = 10 AU.

sian geometry which leads to a proper diffusion coefficient
which depends on the turbulence correlation lengths. A
Monte Carlo simulation is then used to trace the magnetic
field line in the heliosphere, with the representation of the
random terms explained in detail. The variation of the rele-
vant parameters with heliosphere distance is also taken into
account.

We argue that diffusive field line transport can explain both
the electron and the ion observations at high souther latitudes
made by Ulysses (Simnett et al., 1998). Indeed, Figs. 6 ex-
hibits peaks decreasing in intensity with latitude, with a peak
at nearly 80◦, as observed for the electrons.

Finally, this numerical tool can be used to study several
other problems, such as the propagation of pick-up ions in the
heliosphere, high latitude cosmic ray modulation by CIRs,
and the propagation of solar energetic particles from the Sun
to the Earth (Zimbardo et al., 2001). For these problems,
other effects such as the dependence of transport on particle
energy and drift motion effects are to be taken into account.
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Jokipii, J. R., Ḱota, J., Giacalone, J. et al., Interpretation and conse-
quences of large-scale magnetic variances observed at high heli-
ographic latitude, Geophys. Res. Lett., 22, 3385–3388, 1995.
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