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Abstract. This paper is focused on finding rules for waveH /H0 = h0 / h. This law applies in the context of the soheight change in a solitary wave as it runs up a slowly incalled Boussinesq scaling, where the waveheight is small and
creasing bottom. A coupled BBM systemBiogeosciences
is used to describe
the wavelength is long when compared to the initial undisogeosciences
the solitary waves. Expressions for energy density and
enturbed depth h0 . In the case where the effects on nonlinDiscussions
ergy flux associated with the BBM system are derived, and
ear steepening and of linear dispersion are approximately
the principle of energy conservation is used to develop an
balanced, solitary waves can be found, and it appears that
equation relating the waveheight and undisturbed depth to
Boussinesq’s law applies primarily to the shoaling of solithe initial undisturbed depth and the incident waveheight.
In
Climatetary waves. As explained in Miles (1980), Boussinesq’s law
Climate
the limit of zero waveheight, Boussinesq’s shoaling law is rehas been rediscovered a number of times with varying deof
the
Past
covered.
grees of rigor. Probably the most careful derivation was given
of the Past
Discussionsin Grimshaw (1970, 1971), where Boussinesq’s result actually follows from a more general analysis of the wave action
principle. Indeed, Grimshaw (1971) studied the evolution of
1 Introduction
Earth Systemsolitary waves in water of variable depth and he observed that
Earth System
for small values of initial waveheight, the shoaling rates are
The study of surface gravity waves is one of theDynamics
classical
not exactly given by Boussinesq’s law, but that they approach
Dynamics
problems in fluid mechanics and is of fundamental imporDiscussionsBoussinesq’s law in the limit H0 → 0.
tance in coastal engineering. One particular case of interIn the present paper, the Boussinesq law is derived usest, both theoretically and in practice, is the development of
ing a different approach, which is based directly on BoussiGeoscientific
ocean waves as they propagate shorewards andGeoscientific
experience a
nesq’s original assumption that energy is conserved as the
decrease in the water depth. A significant Instrumentation
amount of work
nstrumentation
wave shoals. Using this assumption, and a careful analysis
has been focused on this phenomenon, which is known as
Methods and
Methods andof the energy density associated to a particular Boussinesq
wave shoaling. The literature on the subject includes experisystem featuring exact solitary-wave solutions, waveheight
Data Systems
Data Systems
mental studies in controlled environments in particular,
such
changes can be computed in a straightforward manner. The
Discussionssystem used here is known as the coupled BBM system. The
as wave flumes, and a large number of theoretical studies.
Among the first to study the problem was Boussinesq,
method used to find the associated energy density is an exwho
treated wave shoaling in the frameworkGeoscientific
of his theory
Geoscientific
tension of the recent work Ali and Kalisch (2012) where apof weakly nonlinear long waves. Model
Based on Development
the assumption
proximations of energy density and flux in the context of the
Development
that the energy content of the wave is unchanged as it Discussions
propBoussinesq scaling were found. The computations actually
agates, Boussinesq developed a simple rule for the waveshow that for waves of finite waveheight, the shoaling rate is
height change of a long wave as it runs up on a bottom
somewhat lower than Boussinesq’s law suggests. However,
of the fluid isandin the limit of zero waveheight, Boussinesq’s law is recovHydrology
Hydrologyslope.
andSuppose the initial undisturbed depth
h0 , and the initial waveheight is denoted by H0 . If the loered. In this sense, the results are in line with the findings of
Earth
SystemGrimshaw
Earth System
cal depth is denoted by h, and the associated
waveheight
(1971).
is denoted by H , then Boussinesq’s law can be written
as
Sciences
Sciences
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It should be noted that we do not incorporate an uneven
bottom profile into the equations, but rather consider the transition of the wave on the slope as a gradual adjustment process of which only the initial and final states are considered.
Since the effects of the bottom slope are only modeled indirectly, our analysis of wave shoaling using the conservation
of energy depends strongly on the adiabatic approximation.
In clear terms, it must be assumed that the wavelength l of the
wave running up the slope is much smaller than the characteristic length h1x/(h0 − h) of the depth variation. If this is
the case, then the wave undergoes an adiabatic change, and
the relation between wavelength and wave amplitude stays
approximately intact. If the bottom gradient is too large, then
the wave will change character and violate the Boussinesq
scaling as it runs up the slope. Moreover, larger slopes will
lead to reflected waves and significant steepening and asymmetry of the main wave, and none of these figure into the
present analysis.
Let us briefly introduce the model system to be used here.
Assuming a is a typical amplitude and l is a typical wavelength of the waves to be described, the parameter α = a/ h0
represents the waveheight to depth ratio, and the parameter
β = h20 / l 2 represents a water depth to wavelength ratio. The
Boussinesq scaling consists of the assumptions that nonlinearity is weak (α  1), and dispersive effects are also weak
(β  1), and the two parameters of the same order. In other
words, the Stokes number S = α/β should be O(1). In Bona
et al. (2002), a general family of Boussinesq system was
found, and one particular case is the coupled BBM system
to be used in the present study. In the non-dimensional variables to be defined in Section 2, the system takes the form
1
1
η̃t˜ + w̃x̃ + α(η̃w̃)x̃ − θ 2 − β η̃x̃ x̃ t˜ = O(αβ, β 2 ),
(1)
2
3


1
w̃t˜ + η̃x̃ + α w̃w̃x̃ − 1 − θ 2 β w̃x̃ x̃ t˜ = O(αβ, β 2 ).
(2)
2
Here η̃ represents the non-dimensional excursion of the free
surface, and w̃ represents the non-dimensional horizontal velocity at a non-dimensional height 0 ≤ θ ≤ 1 in the fluid column. Disregarding terms of order O(α 2 , αβ, β 2 ) yields the
evolution system governing the approximate dynamics of the
flow. The point of view adopted in the present paper is that
Eq. (1) represents an approximate mass conservation equation, and Eq. (2) represents approximate momentum conservation. Since energy conservation is not an independent principle in homogeneous fluids, it should be possible to express
energy conservation in terms of the unknowns η̃ and w̃ of
Eqs. (1) and (2). The approximate energy balance equation
can be written in the form
∂
∂
Ẽ(η̃, w̃) +
q̃E (η̃, w̃) = O(α 2 , αβ, β 2 ),
∂ x̃
∂ t˜

2

Energy balance

For an inviscid, incompressible fluid, the surface water-wave
problem is given by the Euler equations with no-flow conditions at the bottom and kinematic and dynamic boundary
conditions at the free surface. Let the spatial coordinates
be (x, z) and the x-axis be oriented in the horizontal direction. Assume that the motion is uniform in the direction perpendicular to the xz−plane (long-crested waves). The gravitational acceleration g acts in the negative z-direction. Let
η(x, t) denote the surface elevation, and let φ(x, z, t) be the
velocity potential.
From the incompressibility of the fluid, the potential φ satisfies Laplace’s equation in the domain {(x, z) ∈ R2 | − h0 <
z < η(x, t)}. The complete problem is written as follows.
1φ = 0 in − h0 < z < η(x, t),

(4)

φz = 0 on z = −h0 ,

(5)


ηt + φx ηx − φz = 0,
on z = η(x, t).
φt + 12 (φx2 + φy2 ) + gη = 0,

(6)

As the derivation of the coupled BBM-system is well known
(see Bona et al., 2002 and Whitham, 1974), we only sketch
the outline for the interested
reader. Denote the limiting long√
wave speed by c0 = gh0 , and define non-dimensional variables by
x̃ =

x
η
z + h0
c0 t
c0 φ
, η̃ = , t˜ =
, z̃ =
, φ̃ =
.
l
h0
a
l
gal

As explained by Whitham (1974), one may use the ansatz
φ̃ =

∞
X

f˜m (x̃, t˜)z̃m β m

(7)

m=0

to represent the non-dimensional velocity potential in terms
of the unknown functions f˜m (x̃, t˜). Now Laplace’s equation
and the bottom boundary condition Eq. (5) may be used to
arrive at the expression
φ̃ = f˜ −

z̃2 ˜
fx̃ x̃ β + O(β 2 ),
2

(8)

where f˜ = f˜0 . From Eq. (8) and the second boundary condition at the free surface, we have the relation

(3)

and the principal task is to find appropriate expressions for
the energy density Ẽ(η̃, w̃) and energy flux q̃E (η̃, w̃). These
quantities will be computed in Sect. 2. Section 3 is devoted
Nonlin. Processes Geophys., 20, 213–219, 2013

to the derivation of an approximate shoaling law, and Sect. 4
contains a brief discussion.

η̃ + f˜t˜ −

β ˜
α
fx̃ x̃ t˜ + f˜x̃2 = O(αβ, β 2 ).
2
2

(9)

Differentiating Eq. (9) with respect to x̃, and inserting the
expansion for φ in the first boundary condition at the free
www.nonlin-processes-geophys.net/20/213/2013/

H. Kalisch and A. Senthilkumar: Boussinesq’s shoaling law
surface, Eq. (6) yields a system of equations in terms of the
horizontal velocity at the bottom ṽ = f˜x̃ . However, for the
purposes of the present article, a different but equivalent system will have to be used. Denoting by w̃ the non-dimensional
horizontal velocity at a non-dimensional height 0 ≤ θ ≤ 1 in
the fluid column, elementary considerations (see Bona et al.,
2002) show that ṽ and w̃ are related by
β 2
θ w̃x̃ x̃ + O(β 3 ).
(10)
2
One may use Eq. (10) and the first-order relations ṽt˜ + η̃x̃ =
O(α, β), η̃t˜ + ṽx̃ = O(α, β) to arrive at a general model system for small-amplitude long waves. The system is given in
non-dimensional variables by
1
1
(11)
η̃t˜ + w̃x̃ + α(η̃w̃)x̃ + θ 2 − λβ w̃x̃ x̃ x̃
2
3
1
1
− θ 2 − (1 − λ)β η̃x̃ x̃ t˜ = O(αβ, β 2 ),
2
3

1
w̃t˜ + η̃x̃ + α w̃w̃x̃ + 1 − θ 2 µβ η̃x̃ x̃ x̃
(12)
2


1
− 1 − θ 2 (1 − µ)β w̃x̃ x̃ t˜ = O(αβ, β 2 ).
2
Here λ and µ are modeling parameters which have no physical meaning, but can be chosen arbitrarily in the range
0 ≤ λ, µ ≤ 1. Choosing in particular λ = 0 and µ = 0 yields
the coupled BBM system Eqs. (1) and (2).
In order to derive the associated energy balance equation,
we need expressions for the velocity field and pressure. The
velocity field is easily seen to be given by
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where the first term represents the kinetic energy, and the
second term represents potential energy. The conservation of
total mechanical energy (see Stoker, 1957, chap.1.) is written
as

ṽ = w̃ +

β
φ̃ x̃ = w̃ + (θ 2 − z̃2 )w̃x̃ x̃ + O(β 2 ),
2
φ̃ z̃ = −z̃w̃x̃ β + O(β 2 ).

(13)

Zx2 Zη

d 1
dt 2

x1 −h0
Zη



n

=

hydrostatic pressure, is given quite generally by
ρ
P 0 = P − Patm + ρgz = −ρφt − | 5 φ|2 .
2

1
0
P̃ = η̃ + β(z̃2 − 1)w̃x̃ t˜ + O(αβ, β 2 ).
(15)
2
Next, we examine energy balance of the BBM system. If
we assume that the potential energy of a particle is zero at
the undisturbed free surface, and the potential energy is zero
when no wave motion is present, then the total energy inside a control volume of unit width, delimited by the interval
[x1 , x2 ] on the lateral sides, and by the bottom and the free
surface can be written as
E=

1
2

x1 −h0

ρ |Oφ|2 dz dx +

ρgz dz dx
x1 0

x2
o
|Oφ|2 + ρgz + P φx dz .
x1

−h0

Expressing the above relation in non-dimensional variables
gives
d
dt˜

x2 / l 1+α
Z
Z η̃n

x1 / l

α2
2



φ̃x̃2 + β1 φ̃z̃2

o

(16)

dz̃ dx̃

0


x2 / l 1+α
1+α
Z η̃
Z η̃n 
Z

d

3
α3
1 2
(z̃ − 1) dz̃ dx̃ = 
+
φ̃
+
φ̃
φ̃
x̃
z̃
x̃
2
β
dt˜
x1 / l

1

0

o ix2 / l
+α(z̃ − 1)φ̃x̃ + α 2 P̃ 0 φ̃x̃ + α(1 − z̃)φ̃x̃ dz̃
.
x1 / l

If we substitute the expressions for φ̃x̃ , φ̃z̃ and P̃ 0 found in
Eqs. (13) and (15) respectively, and integrate with respect to
z̃, then we obtain
d
dt˜

x2 / l
Z
n

α 2 (w̃ 2 +η̃2 )
2



2
+ α2β θ 2 − 13 w̃ w̃x̃ x̃

2
3 2
+ α6β (w̃x̃ )2 + α 2w̃ η̃

+

o

"
dx̃ =

α3 3
w̃ + α 2 η̃w̃ + α 3 η̃2 w̃
2
#x2 / l

α2  2 1 
α2
β θ − η̃w̃x̃ x̃ − β w̃ w̃x̃ t˜
2
3
3

0

We use the scaling ρga P̃ = P 0 . Then as shown by Ali and
Kalisch (2012), the dynamic pressure can be found with the
help of Eq. (9) to be

Zη

Zx2 Zη

x1 / l

(14)

The dynamic pressure P 0 , which measures the deviation from

Zx2

ρ
2

d
ρ |Oφ| dz dx +
dt
2

+ O(α 2 β 2 , α 3 β, α 4 ).
x1 / l

Taking the limit as x2 → x1 , and omitting the common factor
α 2 , we obtain the differential energy balance equation
"
#
β
α w̃ 2
d (w̃2 + η̃2 ) β  2 1 
2
+
θ − w̃w̃x̃ x̃ + (w̃x̃ ) +
η̃ +
2
2
3
6
2
dt˜


d α 3
1  2 1
1
2
w̃ + η̃w̃ + α η̃ w̃ + β θ − η̃w̃x̃ x̃ − β w̃ w̃x̃ t˜
dx̃ 2
2
3
3
= O(β 2 , αβ, α 2 ).
From Eq. (16), we get the non-dimensional energy density
α 2 (w̃ 2 + η̃2 ) α 2 β  2 1 
+
θ − w̃w̃x̃ x̃
2
2
3
3 w̃ 2
α2β
α
+
(w̃x̃ )2 +
η̃,
6
2
Ẽ =

Zx2 Zη
ρgz dz dx,
x1 0

www.nonlin-processes-geophys.net/20/213/2013/
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and the non-dimensional energy flux
α3 3
w̃ + α 2 η̃w̃ + α 3 η̃2 w̃
2
α2 
1
α2
+ β θ 2 − η̃w̃x̃ x̃ − β w̃ w̃x̃ t˜.
2
3
3
q̃Ẽ =

The dimensional versions of these quantities are given by
ρ
ρ
ρ 
1
(17)
E = h0 w2 + gη2 + h30 θ 2 − wwxx
2
2
2
3
ρ
ρ
+ h30 wx2 + w2 η
6
2
and
ρ
1
h0 w 3 + ρc02 ηw + ρc02 wη2
2
h0

ρ
1
ρ
+ c02 h20 θ 2 − ηwxx − h30 wwxt .
2
3
3
qE =

We would like to point out that it would be interesting to derive similar quantities for the system derived by Green and
Naghdi (1976), which does not have the same limitations on
the wave amplitude as the BBM system used in the present
analysis. The Green–Naghdi system is also applicable for
variable bottom topography, and has been used in the modeling of tsunamis by Zheleznyak and Pelinovsky (1985). In
fact, a pressure formula similar to Eq. (15), but valid for the
Green–Naghdi system has already been found by Pelinovsky
and Choi (1993).
3

Solitary wave shoaling

One of the most readily investigated changes in a wave transmitting into shallower water is the variation in waveheight,
and this is the main object of this section. We focus on the
case of a solitary wave which runs up on a gentle slope with
no variation in the transverse direction. Even in this twodimensional case, there are a number of important physical
effects which are neglected in the model at hand. In particular, we do not take account of viscosity and rotational effects; and as explained in the introduction, we also assume
that wave reflection can be neglected to a first approximation,
such as for instance in the case of a very gentle slope. Moreover, we consider long-crested waves shoaling on a plane
beach, so that wave refraction does not play a role. As the
solitary wave starts to propagate over a sloping bottom, it will
become slightly skewed, and the waveheight will increase.
Eventually, the wave will steepen and break. The different
stages of this shoaling process have been minutely detailed
by Synolakis and Skjelbreia (1993).
As shown by Chen (1998), the coupled BBM system
Eqs. (1) and (2) features solitary-wave solutions in a closed
form in the case that θ 2 = 79 . Since the analysis of the energy
balance in a shoaling wave given here relies on the exact formula for the solitary wave, the coupled BBM system with
Nonlin. Processes Geophys., 20, 213–219, 2013

θ 2 = 79 is used in the present work. In dimensional variables,
this system takes the form
h20 4
ηxxt = 0,
(18)
2 9
h2 2
wt + gηx + wwx − 0 wxxt = 0.
(19)
2 9
The solitary wave solutions of Eqs. (18) and (19) are given
by
ηt + h0 wx + (ηw)x −

η0 (x, t) = H0 sech2 (κ0 (x − C0 t)),
w0 (x, t) = W0 sech2 (κ0 (x − C0 t)).

(20)
(21)

The constant H0 is the initial waveheight, and the constants
W0 , C0 and κ0 are given by
s
3g
W0 =
H0 ,
H0 + 3h0
3h0 + 2H0 p
gh0 ,
C0 = √
3h0 (H0 + 3h0 )
and
s
3
H0
.
κ0 =
2h0 2H0 + 3h0
Now let us consider a channel of depth h0 and suppose the
depth of the water is slowly decreasing to a smaller value h.
We suppose that the waveheight of the incident wave is H0 ,
and denote waveheight of the wave at the new depth by H .
In an experimental setting, the waveheight is usually continuously varying, and the waveheight change is recorded over
the extent of the slope (cf. Fig. 1). In order to invoke energy
conservation in a theoretical sense, we assume that the wave
travels up a gentle slope, and reorganizes into a solitary wave
on the new even bottom with undisturbed depth h.
Using the expression for E obtained
R in the previous section, and evaluating the integral E = Edx for the total energy at two different instants in time, one at which the wave is
located over the initial depth h0 , and one at which the wave is
located above a different depth h then yields an equation relating the waveheights H0 and H at the two different depths.
Since the solitary wave features exponential decay, energy
conservation may be stated in the form
Z∞
Z∞
E(η0 , w0 ) dx =
E(η, w) dx,
(22)
−∞

−∞

where η and w are given by Eq. (20) with the constants W ,
C and κ given in terms if h and H instead of h0 and H0 .
After performing the integration with respect to x, we find
the relation
h0 W02
2
2
1
1
1
(23)
− h30 κ0 W02 + W02 H0 + gH02 =
2 κ0
45
5
κ0 2
κ0
h W2
2
2
1 1
1
− h3 κW 2 + W 2 H + gH 2 .
2 κ
45
5
κ 2
κ
www.nonlin-processes-geophys.net/20/213/2013/
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4

Discussion and conclusions

Shoaling of solitary waves has been analyzed using conservation of energy in the Boussinesq scaling. It appears that for
waves of very small waveheight, Boussinesq’s shoaling law
is approximately recovered. To explain the discrepancy observed for larger waveheights, we note that the Boussinesq
shoaling law follows for small waveheights if only the last
term in the expression Eq. (17) for the energy density is used
to compute the energy of the solitary wave. This can also be
done in the context of other Boussinesq-type systems found
by Bona et al. (2002). In particular, in the case of the KdV
Fig. 1. The geometry of the problem. The waveheight H is meaequation, the total mechanical energy for a solitary wave is
sured on the slope.
givenon
bythe slope.
The geometry of the problem. The waveheight H is measured
8
(24)
E = ρg 3/2 H 3/2 h3/2 ,
3

relating the waveheights H0 and H at the two different points. Since the
which along with conservation of energy during an adiabatic
e features exponential decay, energy conservation may beshoaling
statedprocess,
in theyields
form
Boussinesq’s law H /H0 = h0 / h. In
Z ∞
Z ∞
the limit of small amplitude, solitary-wave solutions of all
the Boussinesq-type(3.5)
systems are equivalent to solitary waves
E(η0 , w0) dx =
E(η, w) dx,
2

1.9

Boussinesq
H0=0.05m

1.8

H0=0.1m
H0=0.2m

of the KdV equation, so that the formula Eq. (24) is valid
asymptotically for H0 → 0 also for solitary waves governed
by Eqs. (18) and (19). As explained by Bona et al. (2002),
w are given1.6 by (3.3) with the constants W , C and κ given
in terms if h and
these Boussinesq-type systems are valid for waves for which
1.5
f h0 and H0 . After performing the integration with respect
x, we
findS the
the to
Stokes
number
= α/β is of O(1). Shoaling rates for
1.4
other waves can be quite different. In particular, for small
amplitude waves, one often finds the so-called Green’s law
1.3
H /H0 ∼ 1/ h1/4 , which can be derived from linear wave the2 3
1
1
2 1.2 2
2
2 1
ory (see Lamb, 1932 and Synolakis, 1991).
=
h κ0 W0 + W0 H0 + gH0
45 0
5
κ0 2
κ0
For comparison, we have included some aspects of a shoal1.1
2
ing study
was first presented by Pelinovsky and Tal2
2
1
1 which
W
h
3
2
2
21
1
h
+
W
H
+
gH
.
(3.6)
1
1.1
1.2
1.3
1.4
1.5 −
1.6
1.7 κW
1.8
1.9
2
ipova
(1977,
1979).
In these works, the waveheight–wave
2 κh /h
45
5
κenergy2 relationκ for numerical solutions of the full waterwaveline
problem found by Longuet-Higgins (1974); LonguetFig. 2. Computations
for theofshoaling
solitary
waves
from(3.6).
rela-The solid
Figure 2: Computations
for the shoaling
solitaryofwaves
relation
it is plain
H
may
expressed
infrom
terms
of forh0waves
, h ofHiggins
and
H0 , Fenton
though
in is used. The results are displayed
tionthat
Eq.relation
(23).
The
solid be
line
the shoaling
relation
according
(1974)
depicts the shoaling
according
to depicts
Boussinesq’s
law. Shoaling
rates
initial and
law.
Shoaling
rates
for waves As
of initial
waveheightof the We
values ofHto0H=Boussinesq’s
will have
to
be are
approximated
waveheight
0.05m,
0.1m
and
0.2m
computed.
thenumerically.
waveheight
incident
in
Fig.have
3, andcomputed
indicate shoaling rates similar to Boussinesq’s
= 0.05 the
m, 0.1
m andrelation
0.2 m are
computed.
As the waveheight
solitary wavesHdecrease,
shoaling
approaches
Boussinesq’s
result.
0
law
for
most
cases,
since
ng for initial
undisturbed
depth
h
=
1m
and
initial
waveheights
H
tothe slopes of the curves are seen to
0
0 equal
of the incident solitary waves decreases,
the shoaling relation apbe close to 1 for the most part. Only the very first part of the
and 0.2m,
and
for (2.14)
a ratio
of undisturbed to initial depthenergy
of for
upHto=0.5.
The
proaches
Boussinesq’s
result.
ast term in the
expression
for the energy density is used to compute thecurve
0.05 m has a smaller slope, and might suggest
0
eof height
H/H
computed
these
isother
plotted
inofFigure
2. rates
Boussinesq’s
the solitary
wave.0 This
can also befor
done
in thewaves
context of
systems
Boussinesq
shoaling
closer to Green’s law for very small amplitude
−1
type
found
by
Bona
et
al.
[5].
In
particular,
in
the
case
of
the
KdV
equation,
the
total
waves
and
small
differences
ch gives shoaling rates ∝ h , is plotted as a solid line. It is apparent
that in depth. Since Green’s laws can
mechanical energy for a solitary wave is given
be
derived
in
the
case
when there is no particular relationship
−1by
ed curves get close to the line h for decreasing initial waveheight.
between
the
wavelength
and the amplitude, it is not surpris8
H 3/2
h3/2be
, expressed in terms
(4.1)
E = ρgthat
From Eq. (23), it is plain
H
may
ing
that
for
solitary
waves,
which generally respect the rela3/2
3
of h0 , h and H0 , though in general the values of H will have
tion α ∼ β, the Boussinesq law is a more generic outcome.
which along with conservation of energy during an adiabatic shoaling process yields
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wave shoaling can be described well if the evolution is classified in different phases. There are two pre-breaking phases,
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